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Onthe Rolustnesof
RossJ. Micheals

Abstract—Ideally, absolute orientation (AO) algorithms should be both
efficientand robust. Many reseachersin needof a solution to the AO prob-
lem have usedvarious least-squaes approaches,such as thoseestablished
and popularized by B. K. P. Horn, or O. Faugeras. Although least-squaes
approachescan perform well with additive Gaussiannoise of fixed vari-
ance, mismatchesand outliers have a more profound effect. In this paper,
the authors intr oducea new, closed-brm solution to the AO problem. This
new closed-brm is then extendedinto newAO algorithms with specificpro-
visions for handling outliers and mismatches. Similar extentionsare also
madeto the traditional least-squaesapproach. Included is a comparitive
analysisof the various strengthsand weaknessesf both the previous least-
squaresapproachesand the newtechniques.

Keywords—robust control, robot control, mobile robots, poseestimation

|. INTRODUCTION

Althoughthe precisedefinitionof theabsoluteorientation(AO)
problemvariesacrosgheliteratureof robotics,computewision,
computelgraphicsandphotogrammetryits essenceemainghe
same:how canonedeterminethe transformatiorbetweenwo
differentthree-dimensionatoordinatesystems?

In the context of this paper the absoluteorientation prob-
lemis definedas: the determinatiorof the translational rota-
tional,anduniformscalarcorrespondendeetweerntwo different
Cartesiarcoordinatesystemgiven a collectionof correspond-
ing point pairs.

Il. PREVIOUS RESEARCH

In 1959,E. H. Thompsorpublishedoneof thefirst “solution-
s” to the absoluteorientationproblem[1]. Monthslater, Schut
publishedhis own extensionof Thompsons work [2] andem-
ployed quaterniongo significantly reduceits complexity. In
1975, San® [3] developeda solution that would later be in-
dependentlyrediscoveredby Horn in 1987 [4]. Their deriva-
tions arefundamentallydifferent, however, both reducethe ro-
tational componenbf the sought-aftettransformto an Eigen-
decompositiorof the samematrix. SinceSan® mentionsusing
Jacobis methodfor thedecompositionheconsidersis method
to be an “exact” solution, but not necessarilyclosed. Because
of their “ready availability,” [4] Horn alsorecommendshe use
of aniteratve methodsuchasJacobis for implementationRe-
gardlessHornshowvsthathismethods closedby discussinghe
potentialapplicationof Ferrari's methodfor solvingtherootsof
a quartic. Oneof the strengthsof San®’s or Horn’s methods
is not necessarilythat oneis “exact” or “closed” — it is that
neitherrequireaninitial approximation.

Meanwhile, the least-squareshigh-order geometricprimi-
tivesbasedapproachby Faugerasand Hebert[5] publishedin
1983 became(and continuesto be) a popularalgorithm. S-
ince then, there have beenmary approacheshat incorporate
higherorder geometricprimitives, including [6], [7], [8], [9].
Researcherbave alsocontinuedto expandthe standardooint-
basedleast-squaremethod([10], [11], [12], [13], [14]). The
novel solutionintroducedn [15] usesFouriertransformso by-
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Unlike the vast majority of previous AO research(includ-
ing mostof the aforementionedeferencesdhis paperexplicitly
addresseswo variousnoise phenomenonr— outliers and mis-
matces— in bothalgorithmdevelopmentandanalysis.In Sec-
tion 1lI-A aformal definition of the AO problemis introduced.
A new closed-formsolutionto the AO problemis introduced
in Sectionlll-B. In SectionlV, two new AO algorithmsare
introduced;eachon a different point along the robustnessys.
computationaéffciency curve. Thefirst new AO algorithm,R4
is basedon the new closed-formandhasspecificprovisionsfor
handlingoutliers and mismatches.The secondnev AO algo-
rithm, L4, is a marriagebetweentraditional least-squareand
someof the techniquedevelopedfor R4. Finally, in Section
VII, traditionalleast-squareks S, R4 andL 4 arecompared.

I1l. ABSOLUTE ORIENATION FORMULAE
A. Formalizationand Notation

Considera setof n threedimensionalcolumnvectorsR =
{ri,ra,...,rn} wherer; = [r;,r;,7; |7 andl < i < n. Let
S representhecorrespondingetof n pointsafterundegoinga
translation rotation,anduniform scaling. Pre-transfornvector
r; € R andits correspondingost-transfornvectors; € S are
relatedby theequation

s, = kM(6,0)r; +t, 1)
wheret representa translation k represents uniform scaling,
and M representshe matrix form of the rotationalcomponent

determinedy theangled andaxis.
Often, it is corvenientto usetherepresentation

(SZ - CS) = kM(97 0)(“ - CT‘)7 (2)

where c. and ¢, representseparatepre-transformand post-
transformtranslationalcomponentgwhich areusually but not
necessarilythe centroidsof R andS). t, r¢, ands, maybere-
latedby solvingequation(2) for t:

t=s —kM(6,0)r;. 3)

The notationof equation(2) morecloselyreflectsthe methods
typically usedin multi-stageabsoluteorientationalgorithms.In
this paperthetermspre-transformtranslationalcomponenand
post-tansformtranslationalcomponentvill beusedto describe
thevectorsc, andc, respectiely. Note,if ¢, = 0, thent = ¢,
andif ¢, = 0, thent = kM (6, 0)c..

Formally, theabsoluteorientationproblemis: given R and.S,
determinek, t, 8, andd. In thispaperlike previousresearchit is
assumedhatthe uniform scalarcomponents unit (i.e. k£ = 1).
Extendingthe new algorithmsto encorporatecalingis straight-
foward.

B. TheNew ClosedForm

For the sale of deriving the new form, we assumehatourinput
data(R and S) is noiselesscomplete,and correctly matched

passthe needfor explicit correspondencesGradient-descent (in later sectionghe effectsof differenttypesof noiseandout-

technique$iave beenexploredby [16] and[17].

liers are more closely examined). If ¢ is the unit quaternion
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q = (sin(0/2),cos(6/2)0), thenit canbe shavn thatthe post-
rotationvectors; is uniquelydeterminedy the quaterniormul-
tiplication (0,s;) = §(0,r;)§" where(0, r;) is aquaterniorwith
a scalarcomponenbf zeroandvectorcomponent ;, andij* is
the conjugateof quaternionj. Equation(1) maybe rewritten as
si=q(0,r:)§ +t.

Fully expanding(s;, , s;, ands;,) algebraicallyyields Equa-
tions (5)—(7) of Figurel. Fromtheseequationsit follows that
the componentof the sought-afterquaternioncannotbe ex-
pressedsadirectlinearcombinationof theinput points. How-
ever, if the productof two of the quaternioncomponentsare
considerednsteadwe canestablisha linearrelationship.

As showvn in Equation(8) Figurel, let R; represena 3 x 10
matrix built from the input vectorr;. Also, let Q representhe
matrix of unknowvn quaterniorcomponenproducts:

Q= [QSw Qsy 9sz Qzy Qyz dzz 952 9z2 Qy2 QZ2] (4)
wheregs; = ¢s4, sy = QsQyy ---» 422 = 4zQz- Usingthese
simple constructsary four distinct point pairs may be usedto
build a linear systemsuchas the one shovn in Equation(9).
(Notei # j # k # 1). Thefirst twelve constraintdollow direct-
ly from Equation(8). The 131" constriants the unit quaternion
identity ||g|| = 1. If thereis no translationakkomponent— i.e.
t = 0, thenthesystemmay be greatlysimplified. This is equiv-
alentto the casein which the pre-transformandpost-transform
translationatomponentsareknown a priori, andtheinput data
is normalizedaccordingly In this specialcase,only threedis-
tinct point pairsareneededo build a systemsuchasthatshovn
in Equation(10). Again, the unit quaternionconstraintis used
to fully constrainthesystem.

An algebraicmanipulationpackagesuchasMaple may be
usedto obtainclosed-formsolutionsfor the unknowvns of both
Equation(9) and(10). In fact,thereexistsa unique(andsome-
what surprising) relationshipbetweenthe two closed-forms.
Considerthefollowing:

1. Let R and S representorrespondingetsof noiselessper
fectly matchednputdatapoints,where|R| = |S| = 4.

2. Let Q4(R, S) andt4(R, S), functionsof R and.S, represent
closed-formsolutionsto Q andt asderivedfrom Equation(9).
3. Let Q3(R, S), afunctionof R and S, representhe closed-
form solutionto Q asderivedfrom Equation(10).

4. Let G, represena unit quaterniorextractedfrom Qs.t

5. Letc, andc, representhecentroidsof R andS respectiely.
6. Let R. and S, representhe setsR and S normalizedwith
respecto their centroidsc, andc;.

Notethatin Step3 above, Q;(R, S) requiresthreeinput points,
although|R| = |S| = 4. Any non-coplanasubsebf R and.S
is sufficientasargumentgo Q3. Theselectionof this subsein
thepresencef noiseis discussedater.

Given the above, it may be shavn that Q4(R, S) is alge-
braically equvalentto Qs(R.,S.) (and thereforewill be e-
quivalenteven in the presenceof noise). However, t(R,.S)
andts, wheret; = ¢, — (}36;(32, are not algeraially equiva-
lent, andthereforediffer significantlyin the presencef noise.
Throughextensie experimentationtheauthorshave discovered
thatt; (R, S) is farmorerobustthant, (R, S). Thisis mostlike-
ly dueto thesignificantlylower numerof computationsequired

LExtractionmethodsarediscussedater

for calculatingts; in t4, therearemore opportunitiesfor errors
to propagate.

This uniqueidentity allows significantreductionin the num-
ber of calculationsrequiredto calculateQ. It canbe shavn
(theauthorsusedthe mathematicasoftware packageMaple)
thata commonsubepressioreliminationoptimizedversionof
Q4 (R, S) andts(R, S) requirex518 floating-pointadditionsand
472 floating-pointmultiplications(1090 FLOPStotal). A simi-
larly optimizedQs (R, S) requiresonly 266 FLOPS whichdoes
notincludethe 24 FLOPSrequiredfor determiningc, andc;.

Considettherotationalcomponenbf aleast-squaresolution
suchasHorn’s [4]. The mostcomputationallyintensive com-
ponentof Horn'’s solutionis an Eigernvector/Eigenaluedecom-
position. Accordingto [18], a typical Jacobirotation over an
m X m matrix, requirestm operationsf bothEigervectorsand
Eigervaluesare calculated. Since “typical’ matriciesrequire
3m? to 5m? Jacobirotationsthetotal numberof operationge-
quiredfor sucha matrix is thereforewithin the rangeof 18m?
to 30m*. Sincein Horn’s methodm = 4, we may estimatethat
the Eigen-decompositiomequires1, 152 to 1,920 operations.
Additionally, givenn input points,14 + 18n operationsarere-
quiredto constructthe matrix to be Eigen-decomposeand6n
operationsarerequiredfor the centroidcalculations.

Significantalgebraicmanipulationof Q3 showvsthatall prod-
uctsof two componentsf arotationcanbeexpressedsalinear
combinationof triple productratios. Equation(12) shavs these
ratiosin anabbreiatedform, where{ and( areeachelements
of {s,z,y, z}. Thematriciesof Equation(11) shouldbe substi-
tutedinto (12) asappropriate.

The extractionof a quaterniorfrom thematrix Qs (R, S) has
not yet beenaddressedOhviously, not all ten componentare
requiredto calculatethe sought-afteiquaternionjeaving mary
possiblereconstructiortechniques.The dual natureof quater
nions now becomesadvantageousary onecomponentanbe
arbitrarily fixed as posistve, andthe sign of the othercompo-
nentscanbe adjustedaccordingly The resultingrotationis not
affected. Sincethe angleof rotationis a function of ¢, (asop-
posedto someotherquaternioncomponentjt makesthe most
intuitive senseo fix ¢, aspositive.

Extensve experimentaitorby the authorsrevealedtwo inter-
estingphenomenaboutQs (R, S). First: outof the 10 product-
S.q2, 42, 4, andg? aretheleastsensitve to noise. The proper
signsof thesecomponentganbe determinedhroughthe signs
of the remainingsix componentsSecond:it wasfoundthatin
general a significantlymoreaccurateotationmay be obtained
from Qs(R, S) if {r1,r2,rs) > (S1,S,Ss), andviceversa.This
is mostlikely dueto numericalinstability in Equation(12) oc-
curswhen(ry,rq,r3) is very small. Therefore whenchoosing
asubsebdf threepoint pairsfrom four, oneseekghe subsetvith
thehighesttriple product.

The formulas, obsenations,and experimentalevidencedis-
cussedn this sectionlead diretly to the following algorithm.
This algorithm, presentednformally, takes pre-transformand
post-transfornmdatasetsR andS asinputs,andreturnsthe ro-
tation ¢ andtranslationt that relatesthem. It is assumedhat
IR =S| = 4.

1. Assignto ¢, andc;, thecentroidsof R andS, respectiely.

2A rotationthroughgq is equivalentto arotationthrough-g.
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2. NormalizeR and S with respecto their centroidsc, andc,

andstoretheresultsin setsRk, andsS..

3. Let R3 representn arbitrary subsetof R, of cardinality 3.

Find the particularsubsetR; for which the magnitudeof the

triple productsof its elementss maximum. Namethis subset
R Storethetriple productof RY in ¢,. Namethe setof corre-
spondingpost-transfornvectorsSj.

4. Peformananalogou®perationfor S.

5. If t, > ts, thenperform Qs (R}, S3); otherwise,perform
Q3(S%, RL). Storetheresultsof this calculationin Q.

6. FromQ, useg?, ¢, ¢2, andg? to build aquaternion;.

7. Adjustthesignsof g, g,, andg. asindicatedto the signsof

the six othercomponentsf Q.

8. If t, > t,, theng mustbereversedassign—q to ¢.

9. Normalizeg.

10. Using ¢, c,, andc,, calculatethe translationalcomponent
t=c¢s — (;Cra*'

The above algorithmis referredto in later sectionsas simply

EXTRACTA.

IV. ABSOLUTE ORIENTATION ALGORITHMS

As describegreviously, thenew closedform EXTRACT4 is lim-
itedto aninputsetof 4 pointpairs.In thissectionwe extendEx -
TRACT4 to accommodatan arbitrarynumberof inputs. There
aremary waysto generalizehe AO problemto n points. For
instancepnemay seeka rotationthat:

« Minimizesthe sumof the squaredlistancedetweenrnthe pre-
transformandpost-transfornpoints.

« maximizeghealignmentof thedata treatedasvectorspefore
andaftertherotation.

« Minimizesthesumof squarecerrorsin ary linearformulation
thatproducesa solution.

« Minimizesthemediandistancebetweerthe pre-transfornand
post-transfornpoints.

Obviously, thereexist mary otherpossibleconstraintghatmay
be usedto calculatean accurateabsoluteorientationtransform
— it islikely to changebasedntheapplication.As disucussed
in Sectionll, least-squareapproacheareoftenconsideredbut
are only optimal with Gaussiamoise,and requireoutlier and
mismatch-freénput. It is theprofoundeffectof outliersthatmo-
tivatedFischlerandBollesto developtheirlandmarkRANSAC
(RandomSampleConsensusjramenork [19]. RANSAC in-
stantiatesnot just one, but mary solutionsthroughthe use of
repeatedsubsampling By seekinga majority of pointsconsis-
tentwith their models,FischlerandBollesuseRANSAC to in-
creaseherobustnes®of a classicphotogrammetridocalization
problem.

Our RANSAC-inspiredapproach,onein which a modelis
built throughrepeategubsamplingbothextendsEXTRACT4 to
an arbitrarynumberof points,andincreasests robustnessAn
outline of thealgorithmis:

1. Selectasubsebf 4 point pairsfrom theinputset.

2. Find ¢ andt via anaforementionedeconstructionechnique,
andaddit to a setof potentialsolutions.

3. Repeat.

4. Fromthesetof potentialsolutions extracta solution.

The critical stepthat determinesghe efficacy of this approach
is the lastone; extracting a solutionfrom the collection of po-

tentials. Certainly given a metric for evaluation,it would be

possibleto testthe merit of all collectedsolutions,and simply
chooseheestimatewith the “best” metric. However, testingall
the estimatesacksboth computationakfficiency andthe abili-
ty to fuseaccuratesolutions. A simplistic approacito solution
extractionwould be to usean averageor medianfrom the col-
lecteddatasets. However, this would give equalweightto all
estimates.Recognizingpotentially accurateestimatesand ap-
propriatelyweightingtheir contribution to the final estimateis
oneapproacho robustnessf the effectsof noiseandoutliers
couldbequantizedthenit would be easierto identify desirable
estimates Becausea noisemeasurenay needto be calculated
for severalthousandestimatesefficiency becomes vital con-
straintof this process.

A. Quantifyingthe Effectsof Noise

Let ¢ andt representhe rotation and translationestimates
obtainedfrom an AO algorithmsuchasEXTRACT4 or a least-
squaresapproach. Therefore,it follows from the definition of
the AO problem, that if the input is noiselessand correctly
matched,that the following identitieswould be perfectly sat-
isfied3:

|R| i
> lsi— (rig” +r13)| =0.
i=1

In the presenceof noise,however, one could not expectthese
identitiesto remainvalid. Therefore examiningthe differences
betweertheidentity’'sidealcaseandthosevalueswhich arecal-
culated,can give insight into the amountof noiseinherentin
the subsampledet. Let d (for “distance”)represent function
which calculateghis difference:

|R|

d(R,S) =" |si— (§rig +1i).
i=1

Beacausehereis no limit to the sizeof R and S in the above
equationijt would beimpracticalto testthe AO estimatesgainst
the entire input set. It is assumedor practicalpurposesthat
for quantifyingthe effect of errorin a subsetthat R andS are
limited to the subsetshemseles.

Similarly, in thecaseof EXTRACT4, it wouldbeexpectedhat
thefollowing identitiesthatrelatethe variouselementf Q are
alsotrue:

(13)

(14)

4524z> = (¢s2)’ 02qz> = (¢z2)” (15)
Let p (for “performance”)represena functionwhich calculates
this difference:

P(Q) = @22 — (Gs2)?| + |s2ay2 — (4sy)?|+

|q52q22 - (qSZ)2| + |qﬂ62qy2 - (qu)2|+
lgy2az2 — (y2)°| + 42202 — (g22)°]-
Therearevariousadvantagesnddisadantageso bothp and
d. First, calculatingd is not limited to any one particularAO
algorithm,sinceall AO algorithmsoutputarotationandtransla-
tion estimate Calculatingp, however, is specificto EXTRACTA4.
Second,p is significantly lessscaledependendarthand. In
otherwords,p is independento changesn theratio of noiseto
pointmagnitudewhile d is subjectto scaling.As will beshavn
by theresultsof our simulationsjn thegeneralcasethereis an

(16)

3with the exceptionof standardloating-pointerror
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Spy, =ty + 'l"zqz + Tzq;); - Tzqf, - "'zqz + 2ryqz(Iy + 2r,q,q. + QTZQqu - 2TyQqu (5)
Sp, =ty + ryq;f — ryqi — ryqf/ — ryqz + 270G Gy + 27yq2q: — 27:q5qs — 272q5q: (6)
Sn. =tz +T2@0 — 1205 = T2@) + T2@> + 20y + 2r0Qa Qs + 27y 4sGe — 27245 qy- ()
0 27‘1'2 _27'1'1, 27'1'3, 0 ZTZ'Z Tig T, —Ti, —Ti,
Ri: —27‘1'2 0 27’1'1 27‘,’3p 27’1'z 0 Tiy —Tz'y Tiy _Tiy (8)
27’,’y _2Tim 0 0 2Tz'y 27’,’m Ti, —Ti, —Ti, —Ti,
s
Q.
B Ski
R e e
| 0000001111000 ||i.}] 1] ©)
R; P Ps
Rj _ Sj
P Q| T
0000001111 ||i. 1
L 4L 4 L J (10)
100 10 00 100 000
P.= o010 By,=1]010 By=|o010 P,=]o010 Pk= 001
001 00 01 00-1 0-10
00-1 010 010 000 001
Py=1|o0o00 P,=1]-100 By=|100 R,=|o0o01 PB.=]oo0o0
100 000 000 010 100 (11)

(ri,ra,r3) = (PecSi,a,r3) = (11, PecSo, r3) — (ri, 02, PecSs) | e o
if £€=(
4(r1,r2,r3)
ngg(rl,rQ,r3,51,52,%) = (12)
(PecSi,r2,r3) +(r1, Pe¢Se,13) + (1, r2, PecSs)
4(ri,r2,r3)

otherwise

Fig. 1. Equations 5-7: Fully expandedexpressionsfor the elementsof r,, after a quaternion rotation about §. Equations 9—10: Systemsof equations
providing the basesfor the new closedform. Equation 12: Solutionsto the systemasratios of triple products. Triple productsare denotedwith angle
brackets.
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Algorithm RECONSTRUCT4

Input: Two set of vecotrsn (wheren > 4), R and S, respectiely rep-
resentingpoints beforeand after undegoing an unknavn translationt andan
unknawn rotation§.

Output: Rotationg andtranslatiort.

fori « 1to(n —3)do
(ar t,p, d) EXTRACT4({ri7 EEE) ri+4}5 {SH L] Si+4})
scoe « 1/(p2d?)
Weighted) ; Sum«— ¢, - scoe
Weighted) ; Sum« ¢, - scoe
Weighted), Sum« g, - scoe
Weighted) . Sum«— g, - scoe
t « t-scoe
SumOfWights« SumOfWights+ scoe

endfor

qs < Weighted) s Sum/ SumOfWights

gz < Weighted), Sum/ SumOfWights

gy  \eighted), Sum/ SumOfWights

q. <+ Weighted, Sum/ SumOfWights

t +— t/SumOfWights

a < q/llall

return {q,t}

Fig. 2. RECONSTRUCT4 pseudo-code Throughrepeatedsubsamplinggcol-
lect a seriesof estimates. Using their distanceand performancemetrics,
calculatetheabsoluteorientationtransformfrom weightedaveragesDecla-
rationsandinitializationshave beenomittedfor brevity.

inherentcorrelationbetweerguaternionsvith alow p valueand
theoriginal rotation.

As mentionedpreviously, a straightfavard way of encorpo-
rating the ability to quickly estimatethe amountof errorin a
subsamplavould be throughweightedaveragegour particular
choice of weighting function will be discussedshortly). Fig-
ure2 showvs a pseudo-codeanplementatiorof RECONSTRUCT4
(alsoreferredto asR4); anew AO algorithmbasedntheideas
presentedhusfar. It mayappeathatcalculatingp andd could
be significantadditionsto our computationabverhead put the
readershouldbe remindedthatan optimizedtechniquemay be
usedandthattherelative additionalexpenseds quite small. Re-
gardlessthe payof is theability to rapidly rateeachestimate.

The authorstried mary differentweightingfunctionsin their
guesto maximizetherobustnes®f anEXTRACT4 basedAO al-
gorithm. In our experienceput of all of theweightingfunctions
tried, 1/(p?d?) provided the mostaccurateresults. Functions
thatusedbothp andd, generallyprovidedmoreaccurateesult-
s thanonejust usingeitherp or d. This is mostlikely dueto
theredunang introducedby encorporatingpothmeasuresThis
weightingfunctionhastwo desirablegualities:rapidlyincreases
asp andd becomevery small,andbecomingalmostnegible for
muchlargervalues. The simulationsdiscussedn the next sec-
tion, demonstratéhe efficagy of this particularweightingfunc-
tion.

B. Subsampletleast-Squars

The RANSAC-like framawvork of RECONSTRUCT4 is not
limited to the EXTRACT4 algorithm. Any AO algorithm may
be extendedby being substitutedinto RECONSTRUCT4 with
its own weighting function. For the sale of fair comparison,
we now introducel 4, an extendedform of a least-squareap-

proach.Syntactically L 4 is nearlyidenticalto R4 exceptfor the
following substitutions:

« ReplaceExTRACT4 with Horn'sleast-squarealgorithm.The
functionargumentsarenotchanged.

« Sincecalculatingp is dependon the useof EXTRACT4, re-
placetheweightingfunction1/(p*d?) with 1/(d?).

As discussedh Sectionlll-B, Horn'sleast-squareapproactre-
quiressignificantlymorecomputatiorthanEXTRACT4. For ex-
ample,if we assumgpessimistically)that 300 FLOPSarere-
quiredfor eachcall to EXTRACT4 and 1400 FLOPSfor each
call to animplementatiorof Horn'’s least-squaremethod,then
if n = 250, thenR4 requiresapproximatelyr5 KFLOPS and
L4 approximately350 KFLOPS.Theleast-squareapproachs,
however, moreoptimal (statisticallyspeaking).

V. SIMULATION

To evaluatethe efficacy of the new algorithm,a small-scaleput

full-featuredsimulationsystemwas developed. In this section,
we will discusgthe simulationsoftware usedto testand evalu-
atethe performanceof both the existing and new absoluteori-

entationalgorithms. The simulationsoftwarewaswrittenin an
object-orientedhaturewith C++. All of therandomnumbemgen-
eratorsusedin the simulationsoftwarearebasedon the source
codeprovidedin [18]. The free numericallibrary nevmat[20]

wasusedfor mary of thematrix applicationseededor theim-

plementationof Horn’s algorithms. The simulationsoftwares

sourcecodeis freely availablefor the purpose®f researchand
educationlt maybe obtainedby e-mailingtheauthors.

A. Ovenll Process

Theoverall procesof the simulationis straightforvard. Gener
atetwo collectionsof vectors— onerepresentingointsbefore,
andanotherrepresentinghe correspondingointsafter, atrans-
form. In oursimulation werestrictthetransformto atranslation
androtation;i.e. we assumehereis a unit uniform scalarcorre-
spondencesincethis is truein mary applications.The goalsof
thesimulationare:
« to usean absoluteorientationalgorithm andthe input point
setdatato extractthe sought-aftetransform.
« compareandcontrasta standardeast-squareapproactio the
new approach.
The three algorithmsanalyzedin this paperare Horn'’s least-
squaresnethod,denotedasL S, L4, andR4. For afull descrip-
tion of LS, readersarereferredto [4].

In outlineform, the overall simulationprocesss asfollows:
1. Generate setof pre-rotationpoints R.
2. Generatearandomrotationg.
3. Usingthe pre-rotationpoints R andthe rotationg, generate
acorrespondingetof post-rotatiorpointss.
4. Generateutliersandmismatches.
5. Runanabsoluteorientationalgorithm.
6. Evaluatethe performancef thealgorithmwith a setof met-
rics.
This overall structurels a naturalextensionof Equation(2).

Our simulationdiffers from previous researchby including
modelsof more realistic noise phenomena.ln additionto the
standardadditve Gaussiamoise, our simulationincludesex-
plicit stepsto generateutliersandmismatches.
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As anaside,in the context of our simulation,whenwe refer
to a “set” it is not in the strict mathematicakense but more
like anarray Implicitly, a singleindex is usedto referto a pre-
transformpoint andits correspondingost-transformor a set
with someotherquality) point. For instanceijt is assumedhat
the matchof eachpre-transformpointr; is s;. This allows the
injection of invalid databy simply substitutingthe contentsof
anarrayelement.

Someof the importantparametersn our simulationarethe
following: m, = mismatchprobability, w, = outlier probabili-
ty, n = numberof input point pairs, N = additive noisemodel,
ands = surfaceshape.The preciserole of eachparametewill
be explainedasthey comeinto contet. We now examineeach
major stepof the simulationin greaterdetail.

B. Genente Pre-TransformPoints

First, we createthe pre-transforndatasetfrom oneof four dif-
ferentshapes/sudaces— a sphere a constrainedsubsectiorof
the spherganoctantspecifically),a sectionof PVC pipe,anda
woodenblock. Thesphereandoctantdatapointsarecompletely
synthetic. The pipe andblock datapointsare from the Michi-
gan StateUniversity RangelmageDatabasg21]. Pointsfrom
the MSU databasavere collectedusinga TechnicalArts 100X
RangeScanner The particularmodelsusedin the simulation-
s areshowvn in Figure4. The approximaterangesfor the pipe
datapointsare([—4.3,4.3], [-0.2, 7.2], [-1.6, 2.5]) andfor the
block dataare([—3.2, 3.0], [-0.9, 7.9], [-3.3, 3.0]ve). Boththe
sphereandoctanthave radiuss.0.

The simulationgenerates collection of n randomvectors
R that could representpoints on the surface of shapes with
a centerat the pre-rotationaltranslationalcomponentr;, — a
randomvectorof maximummagnitudel0.0. Noiseis simulated
with oneof threesimpleadditive models:

« Gaussian astandardsaussiarmodelwith fixedvariances?2

in eachof theaxial directions.

» Fractional Gaussian a standardGaussiarmodelwith vari-

ances? = km wherem is themagnitudeof the vectorto which
thenoiseshallbeaddedandk is afixed constant.

« Sterea asimplemodelbasednthe projectve geometryusu-
ally associateavith stereovision systemsThesimulationmod-
el assumes$wo identicalcamerasvith parallelfocal axes,base-
line b, focal length(s)f, andpixel pitch(es)é. Then,addedto
eachpoint (z, y, 2), is (b(z; + Az,)/d, b(yi + Ay)/d, bf/d)

wheredisparityd = (z; + Ay,) — (20 + Az,), @1 = fz/z,

z, = f(x —b)/z, yy = fy/z, andA,,, A, , andA, are
randomnumberdrom a uniform distribution spanning-4/2 to
4/2. In this paper the stereoparametersvere selectedso that
the magnitudeof the addednoisewascomperabldo the Gaus-
sianandfractionalGaussiamodels:b = 0.5 m, f = 0.028 m

ands = 8.7 x 107° m.

Randomvectorsgeneratedrom noisemodel N areaddedo the
original pointsto createthe noisy pre-rotationdatasetR,,. In

Figure5, the Gaussiamoisemodelwith standardleviation o is
denotedat G//¢ andthe fractionalnoisemodelwith constant:

is denotedas F'/k. Thestereomodelis denotedwith anS.

C. Genente Post-TansformPoints

First, we generatea randomvectors; to be usedfor the post-
transformationtranslationalcomponent. Then, using the pre-

R = setof noiselespre-transfornpoints
R,, = setof noisypre-transfornpoints
R, = setof noisypre-transfornpoints,includingoutliers
S = setof noiselespost-transfornpoints
Sn = setof noisypost-transfornpoints
S. = setof noisypost-transfornpoints,includingoutliers
Sm = setof partially matchednoisy post-transfornpoints,including out-

liers

Fig. 3. Setsof datapointsgeneratedy the simulation.

rotationvectorsR andarandomrotationg, the simulationgen-
eratesthe set of noiselesscounterpartsS, addingin s; (also
a randomvector of maximummagnitudel0.0) to eachpoint.
Next, an additional noise vector generatedrom model N is
addedto eachelementin S to createthe set of noisy post-
rotationvectorssS,,.

It is atthis pointthatthe simulationsignificantlydepartfrom
previous researchby modelingtwo typesof real-life error phe-
nomena. First, it is possiblethat our correspondencethem-
selesareimperfect,i.e. they includea numberof mismatties
Secondpurinput pointsmay includeoutliers — which we cat-
egorizeasextremely noisy points. Sourcesof mismatchesand
outliersinclude bad stereocorrespondencesumericinstabili-
ties,andequipmenbr humanerror.

D. SimulatingOutliers

To simulatethe presenceof outliers, we start by copying the
noisysetsof R,, andS,, into new outliersetsR,, andS,,. Then,
for eachpoint p; in R,, andS,,, we choosea randomfloating-
point numberk from a uniform distribution spanning).0 to 1.0.
If k£ is lessthantheinputparametew,, thenwe generate point
of randomdirection and randommagnitude(of at maximum
25.0) andreplacep; with the outlier. The simulationmakesno
guaranteghatthe magnitudeof anoutlier lies outsidea specific
range.

E. SimulatingMismattes

Thepartially matchedset,S,,, is generatedn asimilar manner
Dueto thesymmetryof mismatcheshereis noneedto generate
apre-rotatiormismatchsetR,,,. Themismatchset,S,,,, startsas
aduplicateof S,,. For eachpoints; in S,,, we choosearandom
floating-pointnumberk’, from a uniform distribution spanning
0.0 to 1.0. If £’ is lessthanthe input parameterm,,, thenwe
choosean elementof S,, (uniformly random),and replaces;
with its value. No specialconsiderations takenif s; is already
anoutlier;i.e. anoutlier couldbereplacedby a mismatch.

In summary after this stage the point setsdescribedn Fig-
ure3 havebeengeneratedThesepointsetsmaybeuseddirectly
asinputsto anAQ algorithm. Theinputsusedfor algorithmsL 4
andR4 areR,, andS,,,. Notethatin the caseof least-squages
setsR,, and S, areusedfor the calculationof the translational
componentput R,, andS,,, areusedfor the calculationof the
rotationalcomponentBecausd. S usesaw centroidsfor calcu-
latingt, pointcorrespondendaformationis notrequiredduring
this stage.
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VI. METRICS

A standardpart of evaluatingary algorithmis determining
themetricsto beusedwhenquantifyingits performanceln this
section,we will selectour metrics,discusshow they shouldbe
usedin our simulation,andthesignificanceof their application.

A. AbsoluteQuaternionDistance:AQD

To the bestof the authors’knowledge,a metricthathasnot yet
beenusedto evaluateabsoluteorientationis a measurave will
referto asthe absolute quaternion distance or AQD. Essen-
tially, the AQD is a measureof proximity betweenthe quater
nion usedto generatehe postrotationpointsandthe quaternion
estimatedrom an algorithm# The AQD givesno information
aboutthe validity of analgorithm’s translationestimate.Given
the ground-truthrotation ¢ andan AO algorithm’s estimate(}',
the AQD is trivial to compute:AQD(q, c}') =g — (j'||.

Sincethe AQD doesnot directly usepoint informationin its
calculation,the AQD metricis not directly affectedby outliers
andmismatchesWith a distance-basethetric, a singleoutlier
canhave a significantaffect on the metric. Consequentlyob-
servingthe distancemetricalonemaygive theimpressiorthata
particularestimateis lessaccuratehanit actuallyis. The cou-
pling betweermetricandsystemrobustnesss complex — out-
liers and mismatchealways affect the AO algorithmitself. A
robust metric, however, cangive specificinsight into an algo-
rithm’s performance.

B. AbsoluteTranslationDistance:ATD

Parallel in both constructionand conceptto the AQD, the ab-
solutetranslation distance or ATD is a measureof proximity
betweerthe translationusedin the point setgeneratiorandthe
translationestimatedfrom the algorithm. Naturally, the ATD
givesno informationaboutthe validity of an algorithm’s rota-
tion estimate. Given the grouth-truthtranslationt andthe AO
algorithm’s estimatet’, ATD(t,t') = ||t — t|| canbe usedto
computethe ATD.

C. Average DistanceMetrics: ADMs

Traditionally, absoluteorientationalgorithmshave soughtthe
transformthat minimizesthe averagepointwiseEuclideandis-
tancebetweenthe elementsof R’ and S, where R’ represents
the pointsin R afterundegoingan AO algorithm’s transform.
At first glance,this informal definition may appearto provide
enoughspecificity for building our metric. However, with ac-
cessto full groundtruth, andthe factthatthis simulationmod-
elsmultiple error phenomenaywe mustconsidertwo important
guestionsone,whatspecificdatasets(andcombinationghere-
of) shouldbe usedto measurehesedistancesandtwo, how do
thesechoicesaffect the qualitiesthatthe metricsevaluate?

Therefore,first considera fully parameterizedorm of the
ADM — onethatis afunctionof: apre-transforndatasetR, a
post-transforntatasetS, atranslatiorestimate, andarotation
estimatej. Then,

0o c*”

o 1 "
ADM(R, 5,t,4) = = _llsi —t = dsd (17)
i=1

40bviously, the AQD is only appropriatén the presencef groundtruth.

This more generalform of the ADM, providesa uniform way
to describdlifferentvariationsof the“traditional” distancemet-
ric. Selectingthe properADM parameterss dependenbn the
algorithmbeingevaluated.

D. ExperimentahDM: ADM-E

In typical experimentation, ground truth is not available.
Therefore, the experimental ADM (or ADM-E), which is
modeled after such situations, is defined as ADM-E
ADM(R,,, Sm,t,q). In this case choosingthe properdatasets
for this metricis trivial — in experimentswithout groundtruth
thereis nochoicebut to usethenoisy, partially matchedputlier
ladendatasets(R,, andS,,).

Noticethatevenin the presencef asingleoutlier, the ADM—
E may becomesignificantlylarger, andgive animpressionthat
an estimateis lessaccuratethanit actuallyis. Mismatchescan
have similar effects. This phenomenors clearlyillustratedlater
in SectionVII.

E. CleanedADM: ADM-C

The goal of the cleanedADM, or ADM-C, is to shov how an
algorithmperformedwith respecto thevalid inputdata,in spite
of the presenceof outliers and mismatches. The ADM—C is
generatedh thesamemethodasthe ADM—E, exceptthatpoints
known to beeithermismatchesr outliersareexplicitly ignored;
i.e. they areincludedneitherwhendeterminingdistancesor
duringtranslationahormalization.

Let E representheexpression

E = (Nn; = w:) A(Sni = S0:) A (Sni = Smi)- (18)
Then,let Rc (C for cleaned represenfRc = {r € R, : E}
andSc = {s € S, : E}. Essentially R and Sc arethe
setscontainingonly the non-outlier(but noisy) point pairsthat
“survived” thesimulations pointgeneratiorprocessTherefore,
ADM-C, definedasADM-C = ADM (R¢, Sc, t, ¢) is areflec-
tion of an estimates performancewith respecto valid data,al-
thoughthe estimateshemseleswere obtainedwith datathat
includedoutliersandmismatches.

In summarywe have presentedour differentmetricsto pro-
vide a comprehensie framawvork by which absoluteorientation
algorithmsmay be analyzed. Two of the metrics, ATD and
AQD, evaluateanabsoluteorientationalgorithm’s estimatewith
respectto the original, noise-free,syntheticdata. ADM-E e-
valuateshe estimatewithout groundtruth,and ADM-C shaws
how thealgorithmperformswith respecto thevalid, but noisy,
inputdata.

F. Onthe Merits of Metrics

As mentionedpreviously, the majority of previous absoluteori-
entationresearchattemptso find the transformthat minimizes
ADM-E. If our input datais free of outliersand mismatches,
then, for non-deyeneratecasesarny methodbasedon this cri-
terion will achieve the same(minimal) ADM—E and ADM-C
values.Thereforejn this“ideal” situation,it is theoreticallyim-
possibleto outperforma least-squareapproacton theseADM
metrics.

The presenceof mismatchesand outliers significantly
changesthe very nature of the absoluteorientationproblem.
For instance Horn's least-squarealgorithmis foundedon the
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»

Fig. 4. lllustrationof MSU rangeimageof PVC pipe sectionandblock usedin
simulationsoftware. Darker pixelsrepresentloserregions.

assumptiorthat all of the input points are correctly matched,
completeandfree of outliers. Thesevery assumptionshowev-
er, allow least-squareapproacheso achieve high-accurag es-
timates,evenin thefaceof Gaussiamoisewith large variance.
Whentheoriginalassumptionsadeby least-squareapproach-
esareviolated,onecannotexpectthesealgorithmsto consistent-
ly produceoptimal results. Therefore the factthat neitherL 4
andR4 assumenismatchandoutlier free-datds bothastrength
and a weaknes®f the algorithms. Neitheralgorithmrequires
perfectlymatchednput datawith purely Gaussiamoiseto per
form well. However, it simply cannotmatchthe performance
of afull least-squareapproaches/hentheinput datais outlier
andmismatchfree— theseassumptionarenotaninherentpart
of the algorithm’s model. In statisticalterms,L4 and R4 trade
statisticalefficiency for robustness.

VIl. EVALUATION

In this section we examinesomeof thetrendsof the algorithm-
s’ behavior in the simulations. This particularanalysisis con-
cernedprimarily with how the algorithmsreactto changesn
noisemodelsthenumberof input points,mismatchprobability,
andoutlier probability.

Thetermconfiguationwill be usedto referto oneparticular
setof simulationparameteralues. A simulationrun refersto
250 independentunsof the simulationwith a fixed configura-
tion, but changingrandomseed.Thefull outputof a simulation
run consistsof 45 values— the mean,median,and standard
devation (acrossachiteration)for eachmetric-algorithmpair.

The datacollectionfor this trendanalysisproceededasfol-
lows. First, for eachsimulationparameteof interest,a setof
valueswasselected!n this casethey were:

N € {G/0.01,G/0.05,G/0.10, F/0.01, F/0.025, F'/0.05, S}
s € {sphereoctant block, pipe}

m € {0.01,0.05,0.10,0.20}

w € {0.01,0.05,0.10,0.20}

n € {20, 50,100,250}

All othersimulationparametersverefixedasdescribedn Sec-
tion V. For eachof the 1, 792 combinationf parameterssim-
ulationrunswereexecuted andtheir outputrecorded.To sum-
marizethesethousandof experiments summarygraphswere
produced. For eachdatapoint in the graphsof Figure 5, the
namedparameters fixed,andthedatapointis obtainedoy aver-
agingthe datafor a paricularalgorithm-metricpair. In addition
to the meanof the meanswe alsoshow the standarddeviation
of themeanswhich shavs how theresultsvary acrosshemary
differentsimulationparameters.

More formally, eachdatapoint shovs themeanandonestan-
darddeviation of thesetS(A, M, p,v) =

(2

1 > M(4,8(m,w,n,N,s)) (19)
{ze(mXwXxnxNXxs):p=v} ¢ j=1
wherep € { m, w, n, N, S } representshe setof parame-
ters,v represents particularparametewalue, i representshe
numberof iterations(i.e. 250), S(m,w,n, N, S) representa
single datasetgeneratedrom the simulationwith parameter
s(m,w,n,N,S), A € {LS, L4, R4} representsn elementof
the setof algorithmsmappinga datasetto anAO, and M € {
ADM-E, ADM-C, AQD, ATD } representsn elementof the
setof metrics.

For instancetake the upperleft graphof Figure5. Thegraph
is divided into threeregions— L S (plottedwith squares)L 4
(plottedwith circles),andR4 (plottedwith triangles)— onefor
eachalgorithm. Theleftmostpointindicatesthatfor all experi-
mentswherethenoisemodelwas(G//0.01 theaveragemearval-
ue of the ADM—E metricwasapproximatelyd.1. The standard
devationof thosemeansvasapproximately2.9. To thegraphs
right arethe correspondindADM-Cs.

Graphdor theothertwo metrics— AQD andATD — arenot
shavn. Exceptfor a differencein scaleand minor changesn
their standarddevations,uponvisual inspection the graphsfor
theothermetricsarevirtually indistinguishabldrom the ADM—
C graphs. Most of the graphsindicate,thatin the majority of
casesR4 slightly outperformd_4. Your mileagemay vary.

In all cases,thereis a significant difference betweenthe
ADM-E and ADM—-C graphs, indicating that just observing
trendsin ADM—E doesnot give a completedescriptionof an
AO algorithm’s behaior. The new metricsall requireground
truth, but, unlike mostpreviousresearchthe measuref the AO
algorithmquality it not soley basedon a limited metricsuchas
the ADM-E.

Specifically the Points/ADM-E Mismatthies/ADM—-E and
OutlierssADM-E graphs,do not clearly indicate that ary one
algorithmis significantlymorerobustthanary other Thisis es-
peciallytruein the Outlierss ADM-Egraph,whichindicateshat
L4 performsno betterthanL S or R4. However, whenmeasured
againsgroundtruth, L4 andR4 clearlyshow theirincreasedo-
bustness.

Lik ewise,the Points/ADM-Egraphalsodoesnot stronglyin-
dicatethat increasingthe numberof pointshasarny significan-
t effect on ary algorithm’s performance. The Points/ADM—C
graph,however, doesreinforcethe intuitive notionthatincreas-
ing the numberof pointsgivesmoreaccurateesults. Because
of the weaknesdi.e. lack of robustnesspf the ADM-E mea-
sure thistrendtendsto be masledby theamplificationof noise
in the metricitself.

The standard deviations of the LS algorithm in the
OutlierssADM-Egrapharesignificantlysmallerthanin arny oth-
er graph. This indicatesthatthe standarddevationof LS in the
othergraphss primarily dueto the presensef outliers.

Therearetwo cateyoriesof waysin which onepatrticularal-
gorithm outperfomedanother First, therewere mary configu-
rationsfor which onealgorithmclearlywasa betterchoicethan
another For example:

o L4 performedparticularlywell in theconfigurations = pipe,
n =250, N = G/0.01,m = 0.2,w =0.1.
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Fig.5. Graphicalsummarie®f thedatacollectedin simulation.Seethetext for afull explanation.
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« LS performedparticularly well in the configurations
octantn = 50, N = F/0.05,m = 0.2, w = 0.1.

« R4 performedparticularlywell in theconfigurations = pipe,
n=50,N=S5m=0.1,w=0.1.

« In ananalysiof thedatagivenatranslationatomponenof O,
L4 andR4 wereusuallyquite comparablebut L4 did perform
slightly betterthanR4.

Secondwithin eachsimulationrun, therewere naturalfluxua-
tionsin which algorithmhadthe“best” estimationaccordingto
acertainmetric.

VIIl. CONCLUSION

In this paper a new, closed-formsolutionto the absoluteori-
entationproblemwas introduced. This new closed-formwas
thenextendednto anew AO algorithm,R4 with specificprovi-
sionsfor handlingoutliersand mismatches Similar extentions
were madeto Horn’s least-squareapproach so that the new
provisionsalsocouldbealsousedto enhancereviousresearch.
A large setof simulationswvereperformedandevaluatedsothat
thenew algorithmscouldbeanalyzed.

In summary the evaluationpresentechere suggestshe fol-
lowing:
+« ADM-E is a weak metric. Comparingtwo AO algorithms
basedon traditionalmeasuresnay not give insightinto the al-
gorithm’srobustnessThisis primarily dueto lack of robustness
in the ADM-E itself.

« Outliers may be more influential than mismatches.In the
simulationshere,outliersheld the mostinfluencein determin-
ing the effectivenessof an algorithm. As indicatedby Figure
5, simulationsetswith fixed outlier probabilitiesshavedresults
with significantly lessvariancethanthosein which the outlier
probabilityvaried.

« Proper reconciliation is important. ThelLS andL4 algo-
rithms are basedon statisticaloptimality. However, with the
proper weighting, R4 can achieze not only comparable,but
in mary casesmore accurateresults,even thoughno a priori

noisemodelhasbeenassumedIin analysisnot shavn here,we
have considerednary weightingfunctions(including uniform
weighting)andit hasa significantimpacton the quality of the
result.

« Robustnessrequires a bottom-up, not a top down ap-
proach. As demonstratetdy FishlerandBolles[19], removing
the “worst” residualdoesnot always correspondo removing
outliers. Like RANSAC, the algorithmspresentedn this paper
useanapproactbasedn subsamplingandreconsillation.

Theanalysisshavedthatwith asignificantlyreducechumber
of computationsthe algorithm R4 could achiese betterresults
thanL 4 despitea significantreductionin the numberof compu-
tationsperformed.
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