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OntheRobustnessof AbsoluteOrientation
RossJ.Micheals TerranceE. Boult

Abstract—Ideally, absoluteorientation (AO) algorithms should be both
efficient and robust. Many researchersin needof a solution to the AO prob-
lem have usedvarious least-squaresapproaches,suchas thoseestablished
and popularized by B. K. P. Horn, or O. Faugeras.Although least-squares
approachescan perform well with additive Gaussiannoise of fixed vari-
ance,mismatchesand outliers have a more profound effect. In this paper,
the authors intr oducea new, closed-form solution to the AO problem. This
newclosed-form is then extendedinto newAO algorithms with specificpro-
visions for handling outliers and mismatches. Similar extentionsare also
made to the traditional least-squaresapproach. Included is a comparitive
analysisof the various strengthsand weaknessesof both the previous least-
squaresapproachesand the new techniques.

Keywords—robust control, robot control, mobile robots,poseestimation

I . INTRODUCTION

Althoughtheprecisedefinitionof theabsoluteorientation(AO)
problemvariesacrosstheliteratureof robotics,computervision,
computergraphics,andphotogrammetry, itsessenceremainsthe
same:how canonedeterminethe transformationbetweentwo
differentthree-dimensionalcoordinatesystems?

In the context of this paper, the absoluteorientation prob-
lem is definedas: the determinationof the translational,rota-
tional,anduniformscalarcorrespondencebetweentwo different
Cartesiancoordinatesystemsgivena collectionof correspond-
ing pointpairs.

I I . PREVIOUS RESEARCH

In 1959,E. H. Thompsonpublishedoneof thefirst “solution-
s” to theabsoluteorientationproblem[1]. Monthslater, Schut
publishedhis own extensionof Thompson’s work [2] andem-
ployed quaternionsto significantly reduceits complexity. In
1975, Sans̀o [3] developeda solution that would later be in-
dependentlyrediscoveredby Horn in 1987 [4]. Their deriva-
tions arefundamentallydifferent,however, both reducethero-
tational componentof the sought-aftertransformto an Eigen-
decompositionof thesamematrix. SinceSans̀o mentionsusing
Jacobi’smethodfor thedecomposition,heconsidershismethod
to be an “exact” solution,but not necessarilyclosed. Because
of their “readyavailability,” [4] Horn alsorecommendstheuse
of aniterativemethodsuchasJacobi’s for implementation.Re-
gardless,Hornshowsthathismethodis closedby discussingthe
potentialapplicationof Ferrari’smethodfor solvingtherootsof
a quartic. Oneof the strengthsof Sans̀o’s or Horn’s methods
is not necessarilythat one is “exact” or “closed” — it is that
neitherrequireaninitial approximation.

Meanwhile, the least-squares,high-ordergeometricprimi-
tivesbasedapproachby FaugerasandHebert[5] publishedin
1983 became(and continuesto be) a popular algorithm. S-
ince then, therehave beenmany approachesthat incorporate
higher-order geometricprimitives, including [6], [7], [8], [9].
Researchershave alsocontinuedto expandthe standardpoint-
basedleast-squaresmethod([10], [11], [12], [13], [14]). The
novel solutionintroducedin [15] usesFouriertransformsto by-
passthe needfor explicit correspondences.Gradient-descent
techniqueshavebeenexploredby [16] and[17].

Unlike the vast majority of previous AO research(includ-
ing mostof theaforementionedreferences)this paperexplicitly
addressestwo variousnoisephenomenon— outliers andmis-
matches— in bothalgorithmdevelopmentandanalysis.In Sec-
tion III-A a formal definitionof theAO problemis introduced.
A new closed-formsolution to the AO problemis introduced
in SectionIII-B. In SectionIV, two new AO algorithmsare
introduced;eachon a differentpoint along the robustnessvs.
computationaleffciency curve. Thefirst new AO algorithm,R4
is basedon thenew closed-formandhasspecificprovisionsfor
handlingoutliersandmismatches.The secondnew AO algo-
rithm, L4, is a marriagebetweentraditional least-squaresand
someof the techniquesdevelopedfor R4. Finally, in Section
VII, traditionalleast-squaresLS, R4 andL4 arecompared.

I I I . ABSOLUTE ORIENATION FORMULAE

A. FormalizationandNotation

Considera setof � threedimensionalcolumnvectors
����

r ��� r �	��
�
�

� r ��� wherer � ��� � ��� � ��� � ������� and ���! "� � . Let#
representthecorrespondingsetof � pointsafterundergoinga

translation,rotation,anduniform scaling.Pre-transformvector
r �%$ � andits correspondingpost-transformvectors�%$ # are
relatedby theequation

s� �'&)(+*-, �	.u / r �10 t � (1)

wheret representsa translation,
&

representsa uniform scaling,
and

(
representsthe matrix form of the rotationalcomponent

determinedby theangle
,

andaxis .u.
Often,it is convenientto usetherepresentation*

s�32 c45/ �'&)(+*-, �	.u / * r �62 c7�/5� (2)

where c7 and c4 representseparatepre-transformand post-
transformtranslationalcomponents(which areusually, but not
necessarily, thecentroidsof

�
and

#
). t, r 8 , ands8 maybere-

latedby solvingequation(2) for t:

t
�

s892 &)(+*:, �	.u / r 8;
 (3)

The notationof equation(2) morecloselyreflectsthe methods
typically usedin multi-stageabsoluteorientationalgorithms.In
thispaper, thetermspre-transformtranslationalcomponentand
post-transformtranslationalcomponentwill beusedto describe
thevectorsc7 andc4 respectively. Note, if c7 � 0, thent

�
c4

andif c4 � 0, thent
�<&)(+*:, � .u / c7 .

Formally, theabsoluteorientationproblemis: given
�

and
#

,
determine

&
, t,
,
, and .u. In thispaper, likepreviousresearch,it is

assumedthat theuniform scalarcomponentis unit (i.e.
&=� � ).

Extendingthenew algorithmsto encorporatescalingis straight-
foward.

B. TheNew ClosedForm

For thesakeof deriving thenew form, weassumethatour input
data(

�
and

#
) is noiseless,complete,and correctly matched

(in latersectionstheeffectsof differenttypesof noiseandout-
liers are more closely examined). If >? is the unit quaternion
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>? �+*A@  � *-,CB	D /
�FE
G @C*-,HBID /J.u / , thenit canbeshown that thepost-
rotationvectors� is uniquelydeterminedby thequaternionmul-
tiplication

*:K � s�L/ � >? *:K � r �L/ >?HM where
*AK � r �L/ is aquaternionwith

a scalarcomponentof zeroandvectorcomponentr � , and >? M is
theconjugateof quaternion>? . Equation(1) mayberewrittenas
s� � >? *AK � r � /H>? M 0 t.

Fully expanding
*A@ ���)� @ ��� and

@ ���N/ algebraicallyyieldsEqua-
tions (5)–(7)of Figure1. Fromtheseequations,it follows that
the componentsof the sought-afterquaternioncannotbe ex-
pressedasadirectlinearcombinationof theinput points.How-
ever, if the product of two of the quaternioncomponentsare
consideredinstead,we canestablisha linearrelationship.

As shown in Equation(8) Figure1, let R � representa OQPR� K
matrix built from the input vectorr � . Also, let Q representthe
matrix of unknown quaternioncomponentproducts:

Q
�TS ? 4VU ? 4VW ? 4VX ? UNW ? W�X ? UNX ? 4VY ? UNY ? W
Y ? X;Y5Z (4)

where ? 4VU � ? 4 ? U , ? 4[W � ? 4 ? W , 
�
�
 , ? X Y � ? X ? X . Using these
simpleconstructs,any four distinct point pairsmay be usedto
build a linear systemsuchas the one shown in Equation(9).
(Note  %\�^] \�<& \�'_ ). Thefirst twelveconstraintsfollow direct-
ly from Equation(8). The ��O th constriantis theunit quaternion
identity `a>? ` � � . If thereis no translationalcomponent— i.e.
t
�'K

, thenthesystemmaybegreatlysimplified.This is equiv-
alentto thecasein which thepre-transformandpost-transform
translationalcomponentsareknown a priori , andtheinput data
is normalizedaccordingly. In this specialcase,only threedis-
tinct pointpairsareneededto build asystemsuchasthatshown
in Equation(10). Again, the unit quaternionconstraintis used
to fully constrainthesystem.

An algebraicmanipulationpackagesuchasMaplemaybe
usedto obtainclosed-formsolutionsfor the unknownsof both
Equation(9) and(10). In fact,thereexistsa unique(andsome-
what surprising) relationshipbetweenthe two closed-forms.
Considerthefollowing:
1. Let

�
and

#
representcorrespondingsetsof noiseless,per-

fectly matchedinputdatapoints,where b � b � b # b �<c .
2. Let Q d *:� � # / andt d *A� � # / , functionsof

�
and

#
, represent

closed-formsolutionsto Q andt asderivedfrom Equation(9).
3. Let Q e *:� � # / , a function of

�
and

#
, representthe closed-

form solutionto Q asderivedfrom Equation(10).
4. Let >? e representa unit quaternionextractedfrom Q e .1
5. Let c7 andc4 representthecentroidsof

�
and

#
respectively.

6. Let
�gf

and
# f

representthe sets
�

and
#

normalizedwith
respectto their centroidsc7 andc4 .
Notethatin Step3 above,Q e *A� � # / requiresthreeinputpoints,
although b � b � b # b �!c

. Any non-coplanarsubsetof
�

and
#

is sufficient asargumentsto hie . Theselectionof this subsetin
thepresenceof noiseis discussedlater.

Given the above, it may be shown that Q d *A� � # / is alge-
braically equivalent to Q e *A� f � # f / (and thereforewill be e-
quivalent even in the presenceof noise). However, t

*A� � # /
and t e , where t e � c4i2j>? e >c73>? Me , are not algeraiallyequiva-
lent, andthereforediffer significantlyin the presenceof noise.
Throughextensiveexperimentation,theauthorshavediscovered
thatt e *:� � # / is farmorerobustthant d *:� � # / . This is mostlike-
ly dueto thesignificantlylowernumerof computationsrequiredk

Extractionmethodsarediscussedlater.

for calculatingt e ; in t d , therearemoreopportunitiesfor errors
to propagate.

This uniqueidentity allows significantreductionin thenum-
ber of calculationsrequiredto calculateQ. It can be shown
(theauthorsusedthemathematicalsoftwarepackageMaple)
thata commonsubexpressioneliminationoptimizedversionof
Q d *A� � # / andt d *A� � # / requireslm��n floating-pointadditionsandcHo	D

floating-pointmultiplications( � K	p	K FLOPStotal). A simi-
larly optimizedQ e *A� � # / requiresonly

D lql FLOPS,whichdoes
not includethe

D�c
FLOPSrequiredfor determiningc7 andc4 .

Considertherotationalcomponentof a least-squaressolution
suchasHorn’s [4]. The mostcomputationallyintensive com-
ponentof Horn’ssolutionis anEigenvector/Eigenvaluedecom-
position. According to [18], a typical Jacobirotationover anr P r matrix, requiresl r operationsif bothEigenvectorsand
Eigenvaluesare calculated. Since“typical” matriciesrequireO r � to s r � Jacobirotations,thetotal numberof operationsre-
quiredfor sucha matrix is thereforewithin the rangeof ��n r e
to O K r d . Sincein Horn’smethodr �'c

, we mayestimatethat
the Eigen-decompositionrequires �	���Js D to �q� pqD	K operations.
Additionally, given � input points, � c 0t��n � operationsarere-
quiredto constructthe matrix to beEigen-decomposedand l �
operationsarerequiredfor thecentroidcalculations.

Significantalgebraicmanipulationof Q e shows thatall prod-
uctsof two componentsof arotationcanbeexpressedasalinear
combinationof triple productratios.Equation(12) shows these
ratiosin anabbreviatedform, where u and v areeachelements
of
� @ �Fw9�yxa�{z)� . Thematriciesof Equation(11) shouldbesubsti-

tutedinto (12)asappropriate.
Theextractionof a quaternionfrom thematrix Q e *:� � # / has

not yet beenaddressed.Obviously, not all ten componentsare
requiredto calculatethesought-afterquaternion,leaving many
possiblereconstructiontechniques.The dual natureof quater-
nions2 now becomesadvantageous;any onecomponentcanbe
arbitrarily fixed asposistive, andthe sign of the othercompo-
nentscanbeadjustedaccordingly. Theresultingrotationis not
affected. Sincetheangleof rotationis a functionof ? 4 (asop-
posedto someotherquaternioncomponent)it makesthe most
intuitivesenseto fix ? 4 aspositive.

Extensive experimentaitonby theauthorsrevealedtwo inter-
estingphenomenaaboutQ e *A� � # / . First: outof the � K product-
s, ? �4 , ? �U , ? �W , and ? �X arethe leastsensitive to noise.Theproper
signsof thesecomponentscanbedeterminedthroughthesigns
of the remainingsix components.Second:it wasfoundthat in
general,a significantlymoreaccuraterotationmaybeobtained
from Q e *A� � # / if | r �I� r �q� r e�}�~�| s�I� s�I� se�} , andviceversa.This
is mostlikely dueto numericalinstability in Equation(12) oc-
curswhen | r �I� r �q� r eJ} is very small. Therefore,whenchoosing
asubsetof threepointpairsfrom four, oneseeksthesubsetwith
thehighesttriple product.

The formulas,observations,andexperimentalevidencedis-
cussedin this sectionlead diretly to the following algorithm.
This algorithm, presentedinformally, takes pre-transformand
post-transformdatasets

�
and

#
asinputs,andreturnsthe ro-

tation >? and translationt that relatesthem. It is assumedthatb � b � b # b �<c .
1. Assignto c7 andc4 , thecentroidsof

�
and

#
, respectively.�

A rotationthrough >� is equivalentto a rotationthrough- >� .
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2. Normalize
�

and
#

with respectto their centroidsc7 andc4
andstoretheresultsin sets

� f
and

# f
.

3. Let
� e representan arbitrarysubsetof

��f
of cardinality O .

Find the particularsubset
� e for which the magnitudeof the

triple productsof its elementsis maximum. Namethis subset� 8e . Storethetriple productof
� 8e in � 7 . Namethesetof corre-

spondingpost-transformvectors
#��e .

4. Peformananalogousoperationfor
#

.
5. If �[7'~��y4 , then perform Q e *:� 8e � #��e / ; otherwise,perform
Q e * # 8e � � �e / . Storetheresultsof this calculationin Q.
6. FromQ, use? �4 , ? �U , ? �W , and ? �X to build a quaternion>? .
7. Adjust thesignsof ? U , ? W , and ? X asindicatedto thesignsof
thesix othercomponentsof Q.
8. If � 4 ~^� 7 , then >? mustbereversed;assign2 >? to >? .
9. Normalize >? .
10. Using >? , c7 , andc4 , calculatethe translationalcomponent
t
�

c4�2�>? c73>? M .
The above algorithm is referredto in later sectionsas simply
EXTRACT4.

IV. ABSOLUTE ORIENTATION ALGORITHMS

Asdescribedpreviously, thenew closedform EXTRACT4 is lim-
itedto aninputsetof

c
pointpairs.In thissectionweextendEX-

TRACT4 to accommodateanarbitrarynumberof inputs. There
aremany waysto generalizethe AO problemto � points. For
instance,onemayseeka rotationthat:� minimizesthesumof thesquareddistancesbetweenthepre-
transformandpost-transformpoints.� maximizesthealignmentof thedata,treatedasvectors,before
andaftertherotation.� minimizesthesumof squarederrorsin any linearformulation
thatproducesa solution.� minimizesthemediandistancebetweenthepre-transformand
post-transformpoints.
Obviously, thereexist many otherpossibleconstraintsthatmay
be usedto calculatean accurateabsoluteorientationtransform
— it is likely to changebasedon theapplication.As disucussed
in SectionII, least-squaresapproachesareoftenconsidered,but
areonly optimal with Gaussiannoise,and requireoutlier and
mismatch-freeinput. It is theprofoundeffectof outliersthatmo-
tivatedFischlerandBollesto developtheir landmarkRANSAC
(RandomSampleConsensus)framework [19]. RANSAC in-
stantiatesnot just one,but many solutionsthroughthe useof
repeatedsubsampling.By seekinga majority of pointsconsis-
tentwith their models,FischlerandBollesuseRANSAC to in-
creasetherobustnessof a classicphotogrammetriclocalization
problem.

Our RANSAC-inspiredapproach,one in which a model is
built throughrepeatedsubsampling,bothextendsEXTRACT4 to
anarbitrarynumberof points,andincreasesits robustness.An
outlineof thealgorithmis:
1. Selectasubsetof

c
pointpairsfrom theinputset.

2. Find >? andt via anaforementionedreconstructiontechnique,
andaddit to asetof potentialsolutions.
3. Repeat.
4. Fromthesetof potentialsolutions,extractasolution.
The critical stepthat determinesthe efficacy of this approach
is the last one;extractinga solutionfrom the collectionof po-
tentials. Certainly, given a metric for evaluation,it would be

possibleto testthe merit of all collectedsolutions,andsimply
choosetheestimatewith the“best” metric.However, testingall
theestimateslacksbothcomputationalefficiency andtheabili-
ty to fuseaccuratesolutions.A simplisticapproachto solution
extractionwould be to usean averageor medianfrom the col-
lecteddatasets. However, this would give equalweight to all
estimates.Recognizingpotentiallyaccurateestimates,andap-
propriatelyweightingtheir contribution to the final estimateis
oneapproachto robustness.If the effectsof noiseandoutliers
couldbequantized,thenit would beeasierto identify desirable
estimates.Becausea noisemeasuremayneedto becalculated
for several thousandestimates,efficiency becomesa vital con-
straintof this process.

A. QuantifyingtheEffectsof Noise

Let >? and t representthe rotation and translationestimates
obtainedfrom an AO algorithmsuchasEXTRACT4 or a least-
squaresapproach.Therefore,it follows from the definition of
the AO problem, that if the input is noiselessand correctly
matched,that the following identitieswould be perfectly sat-
isfied3: � ���� ����� b s�32 * >? r � >? M 0 r ��/�b �'K 
 (13)

In the presenceof noise,however, onecould not expect these
identitiesto remainvalid. Therefore,examiningthedifferences
betweentheidentity’sidealcaseandthosevalueswhicharecal-
culated,can give insight into the amountof noiseinherentin
thesubsampledset. Let � (for “distance”)representa function
which calculatesthisdifference:� *A� � # / � � ���� ����� b s�32 * >? r �I>? M 0 r �A/�b�
 (14)

Beacausethereis no limit to the sizeof
�

and
#

in the above
equation,it wouldbeimpracticalto testtheAOestimatesagainst
the entire input set. It is assumedfor practicalpurposes,that
for quantifyingtheeffect of error in a subset,that

�
and

#
are

limited to thesubsetsthemselves.
Similarly, in thecaseof EXTRACT4, it wouldbeexpectedthat

thefollowing identitiesthatrelatethevariouselementsof Q are
alsotrue: ? 4 Y ? U Y ��* ? 4VU / � 
�
�
 ? U Y ? X Y �!* ? U�X / � (15)

Let � (for “performance”)representa functionwhich calculates
this difference:� * Q / � b ? 4VY ? U�Y 2 * ? 4VUq/ � b�0'b ? 4VY ? W
Y 2 * ? 4VW	/ � b 0b ? 4 Y ? X Y 2 * ? 4[XJ/ � b�0'b ? U Y ? W Y 2 * ? UNWI/ � b 0 (16)b ? W
Y ? X{Y 2 * ? W
XJ/ � b�0�b ? U�Y ? X;Y 2 * ? UNXN/ � b�


Therearevariousadvantagesanddisadvantagesto both � and� . First, calculating � is not limited to any oneparticularAO
algorithm,sinceall AO algorithmsoutputarotationandtransla-
tion estimate.Calculating� , however, is specificto EXTRACT4.
Second,� is significantly lessscaledependendantthan � . In
otherwords,� is independentto changesin theratioof noiseto
pointmagnitude,while � is subjectto scaling.As will beshown
by theresultsof our simulations,in thegeneralcase,thereis an�

with theexceptionof standardfloating-pointerror.
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@ � � � � U 0 � U ? �4 0 � U ? �U 2 � U ? �W 2 � U ? �X 0 D�� W ? U ? W 0 D�� X ? U ? X 0 DI� X ? 4 ? W 2 D�� W ? 4 ? X (5)@ � � � � W 0 � W ? �4 2 � W ? �U 2 � W ? �W 2 � W ? �X 0 D�� U ? U ? W 0 DI� W ? X ? X 2 D�� X ? 4 ? U 2 D�� U ? 4 ? X (6)@ �	� � �[X�0 � X ? �4 2 � X ? �U 2 � X ? �W 0 � U ? �X 0 DI� W ? W ? X�0 D�� U ? U ? X�0 DI� W ? 4 ? Ug2 D�� U ? 4 ? WH
 (7)

R � ���� K DI� � � 2 D�� � � D�� � � K D�� � � � � � � � � 2 � � � 2 � � �2 D�� ��� K DI� ��� D�� ��� DI� ��� K � ��� 2 � ��� � ��� 2 � ���DI� � � 2 D�� � � K K DI� � � DI� � � � � � 2 � � � 2 � � � 2 � � �
��

(8)
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?
��?�� * r ��� r �I� r eI� s�J� s�	� se�/ �
�   ¡    ¢
££££ | r � � r � � r e }¤2¥|:¦ �F� s� � r � � r e }§2¥| r � �{¦ �{� s� � r e }�2¨| r � � r � �F¦ �F� se }c | r �J� r �I� r e�} ££££ if u � v

|A¦ �{� s�I� r �q� r eJ}60'| r �J�F¦ �F� s�I� r e�}90'| r �J� r �I�{¦ �{� se�}c | r � � r � � r e } otherwise

(12)

Fig. 1. Equations 5–7: Fully expandedexpressionsfor the elementsof r © after a quaternion rotation about >� . Equations 9–10: Systemsof equations
providing the basesfor the new closedform. Equation 12: Solutionsto the systemasratios of triple products. Triple productsare denotedwith angle
brackets.
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Algorithm RECONSTRUCT4

Input : Two set of vecotrs ª (where ª!«­¬ ), ® and ¯ , respectively rep-
resentingpointsbeforeandafter undergoing an unknown translationt andan
unknown rotation >� .
Output : Rotation >� andtranslationt.

for °)±�² to ³�ªµ´·¶
¸ do
( >� , t, ¹ , º ) ± EXTRACT4 ³�» r ¼[½[¾[¾y¾y½ r ¼�¿mÀ5Á�½[» s¼V½y¾[¾y¾[½ s¼�¿mÀ�Á;¸
score ±�²FÂ�³ ¹ � º � ¸
WeightedÃ�Ä Sum± � Ä9Å score
WeightedÃ�Æ Sum± � Æ�Å score
WeightedÃ�Ç Sum± � Ç�Å score
WeightedÃ�È Sum± � È§Å score
t ± t Å score
SumOfWeights ± SumOfWeights+ score

end for� Ä§± WeightedÃ�Ä Sum/ SumOfWeights� Æ ± WeightedÃ Æ Sum/ SumOfWeights� Ç�± WeightedÃ�Ç Sum/ SumOfWeights� È ± WeightedÃ È Sum/ SumOfWeights
t ± t Â SumOfWeights>� ± >� ÂNÉ >� É
return » >� ½ t Á
Fig. 2. RECONSTRUCT4 pseudo-code. Throughrepeatedsubsampling,col-

lect a seriesof estimates.Using their distanceand performancemetrics,
calculatetheabsoluteorientationtransformfrom weightedaverages.Decla-
rationsandinitializationshavebeenomittedfor brevity.

inherentcorrelationbetweenquaternionswith a low � valueand
theoriginal rotation.

As mentionedpreviously, a straightfoward way of encorpo-
rating the ability to quickly estimatethe amountof error in a
subsamplewould be throughweightedaverages(our particular
choiceof weighting function will be discussedshortly). Fig-
ure2 showsapseudo-codeimplementationof RECONSTRUCT4
(alsoreferredto asR4); anew AO algorithmbasedon theideas
presentedthusfar. It mayappearthatcalculating� and � could
be significantadditionsto our computationaloverhead,but the
readershouldberemindedthatanoptimizedtechniquemaybe
used,andthattherelativeadditionalexpenseis quitesmall.Re-
gardless,thepayoff is theability to rapidly rateeachestimate.

Theauthorstried many differentweightingfunctionsin their
questto maximizetherobustnessof anEXTRACT4 basedAO al-
gorithm.In ourexperience,outof all of theweightingfunctions
tried, � B)* � � � � / provided the most accurateresults. Functions
thatusedboth � and � , generallyprovidedmoreaccurateresult-
s thanonejust usingeither � or � . This is most likely due to
theredunancy introducedby encorporatingbothmeasures.This
weightingfunctionhastwo desirablequalities:rapidlyincreases
as� and � becomeverysmall,andbecomingalmostnegible for
muchlargervalues.Thesimulationsdiscussedin thenext sec-
tion, demonstratetheefficacy of this particularweightingfunc-
tion.

B. SubsampledLeast-Squares

The RANSAC-like framework of RECONSTRUCT4 is not
limited to the EXTRACT4 algorithm. Any AO algorithmmay
be extendedby being substitutedinto RECONSTRUCT4 with
its own weighting function. For the sake of fair comparison,
we now introduceL4, an extendedform of a least-squaresap-

proach.Syntactically, L4 is nearlyidenticalto R4 exceptfor the
following substitutions:� ReplaceEXTRACT4 with Horn’sleast-squaresalgorithm.The
functionargumentsarenot changed.� Sincecalculating� is dependson the useof EXTRACT4, re-
placetheweightingfunction � BÊ* � � � � / with � B)* � � / .
As discussedin SectionIII-B, Horn’s least-squaresapproachre-
quiressignificantlymorecomputationthanEXTRACT4. For ex-
ample,if we assume(pessimistically)that O K	K FLOPSarere-
quired for eachcall to EXTRACT4 and � cCK	K FLOPSfor each
call to an implementationof Horn’s least-squaresmethod,then
if � �TD s K , thenR4 requiresapproximately

o s KFLOPSand
L4 approximatelyOqs K KFLOPS.Theleast-squaresapproachis,
however, moreoptimal(statisticallyspeaking).

V. SIMULATION

To evaluatetheefficacy of thenew algorithm,asmall-scale,but
full-featuredsimulationsystemwasdeveloped.In this section,
we will discussthe simulationsoftwareusedto testandevalu-
atethe performanceof both the existing andnew absoluteori-
entationalgorithms.Thesimulationsoftwarewaswritten in an
object-orientednaturewith C++. All of therandomnumbergen-
eratorsusedin thesimulationsoftwarearebasedon thesource
codeprovidedin [18]. The freenumericallibrary newmat[20]
wasusedfor many of thematrixapplicationsneededfor theim-
plementationof Horn’s algorithms. The simulationsoftware’s
sourcecodeis freely availablefor thepurposesof researchand
education.It maybeobtainedby e-mailingtheauthors.

A. Overall Process

Theoverallprocessof thesimulationis straightforward.Gener-
atetwo collectionsof vectors— onerepresentingpointsbefore,
andanotherrepresentingthecorrespondingpointsafter, a trans-
form. In oursimulation,werestrictthetransformto atranslation
androtation;i.e. weassumethereis aunit uniformscalarcorre-
spondence,sincethis is truein many applications.Thegoalsof
thesimulationare:� to usean absoluteorientationalgorithmandthe input point
setdatato extractthesought-aftertransform.� compareandcontrastastandardleast-squaresapproachto the
new approach.
The threealgorithmsanalyzedin this paperare Horn’s least-
squaresmethod,denotedasLS, L4, andR4. For a full descrip-
tion of LS, readersarereferredto [4].

In outlineform, theoverall simulationprocessis asfollows:
1. Generatea setof pre-rotationpoints

�
.

2. Generatea randomrotation >? .
3. Using thepre-rotationpoints

�
andtherotation >? , generate

a correspondingsetof post-rotationpoints
#

.
4. Generateoutliersandmismatches.
5. Runanabsoluteorientationalgorithm.
6. Evaluatetheperformanceof thealgorithmwith a setof met-
rics.
Thisoverall structureis anaturalextensionof Equation(2).

Our simulationdiffers from previous researchby including
modelsof more realisticnoisephenomena.In addition to the
standardadditive Gaussiannoise,our simulationincludesex-
plicit stepsto generateoutliersandmismatches.
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As anaside,in thecontext of our simulation,whenwe refer
to a “set” it is not in the strict mathematicalsense,but more
like anarray. Implicitly, a singleindex is usedto referto a pre-
transformpoint and its correspondingpost-transform(or a set
with someotherquality) point. For instance,it is assumedthat
the matchof eachpre-transformpoint r � is s� . This allows the
injection of invalid databy simply substitutingthe contentsof
anarrayelement.

Someof the importantparametersin our simulationare the
following: rÌË � mismatchprobability, Í Ë � outlier probabili-
ty, � � numberof input point pairs, Î �

additivenoisemodel,
and

@"�
surfaceshape.Thepreciserole of eachparameterwill

beexplainedasthey comeinto context. We now examineeach
majorstepof thesimulationin greaterdetail.

B. GeneratePre-TransformPoints

First, we createthepre-transformdatasetfrom oneof four dif-
ferentshapes/surfaces— a sphere,a constrainedsubsectionof
thesphere(anoctantspecifically),a sectionof PVC pipe,anda
woodenblock. Thesphereandoctantdatapointsarecompletely
synthetic. The pipe andblock datapointsarefrom the Michi-
ganStateUniversityRangeImageDatabase[21]. Pointsfrom
theMSU databasewerecollectedusinga TechnicalArts 100X
RangeScanner. The particularmodelsusedin the simulation-
s areshown in Figure4. The approximaterangesfor the pipe
datapointsare(

� 2 c 
 O)� c 
 O�� , � 2 K 
 D � o 
 D � , � 2i�	
 l)� D 
ÏsJ� ) andfor the
blockdataare(

� 2ÐOm
 D �FO)
 K � , � 2 K 
 p � o 
 p � , � 2ÐOm
 Om�FOm
 K ��ÑHÒ ). Both the
sphereandoctanthaveradius sÊ
 K .

The simulationgeneratesa collection of � randomvectors�
that could representpoints on the surfaceof shape

@
with

a centerat the pre-rotationaltranslationalcomponentr 8 — a
randomvectorof maximummagnitude� K 
 K . Noiseis simulated
with oneof threesimpleadditivemodels:� Gaussian: a standardGaussianmodelwith fixedvarianceÓ �
in eachof theaxial directions.� Fractional Gaussian: a standardGaussianmodelwith vari-
anceÓ � �<& r wherer is themagnitudeof thevectorto which
thenoiseshallbeaddedand

&
is a fixedconstant.� Stereo: asimplemodelbasedontheprojectivegeometryusu-

ally associatedwith stereovisionsystems.Thesimulationmod-
el assumestwo identicalcameraswith parallelfocal axes,base-
line Ô , focal length(s) Õ , andpixel pitch(es)Ö . Then,addedto
eachpoint ( w , x , z ), is ( Ô * w1×�0tØ UJÙ / B � , Ô * xI×90tØ W / B � , Ô
Õ B � )
wheredisparity � �Ú* w × 0tØÛU Ù /Ð2 * w17g0tØ·UNÜ�/ , w × � Õ�w B z ,w 7 � Õ * wÝ2�Ô
/ B z , xI× � Õ�x B z , and Ø UNÙ , Ø U Ü , and Ø W are
randomnumbersfrom a uniform distribution spanning2ÐÖ BID toÖ BID . In this paper, the stereoparameterswereselectedso that
themagnitudeof theaddednoisewascomperableto theGaus-
sianandfractionalGaussianmodels: Ô �!K 
Ïs m, Õ ��K 
 KCD n m
and Ö � nm
 o PÞ� K)ß�à m.
Randomvectorsgeneratedfrom noisemodel Î areaddedto the
original pointsto createthe noisy pre-rotationdataset

� � . In
Figure5, theGaussiannoisemodelwith standarddeviation Ó is
denotedat á B Ó andthe fractionalnoisemodelwith constant

&
is denotedas â BI& . Thestereomodelis denotedwith an

#
.

C. GeneratePost-TransformPoints

First, we generatea randomvectors8 to be usedfor the post-
transformationtranslationalcomponent. Then, using the pre-

® = setof noiselesspre-transformpoints®9© = setof noisypre-transformpoints®9ã = setof noisypre-transformpoints,includingoutliers¯ = setof noiselesspost-transformpoints¯ © = setof noisypost-transformpoints¯ ã = setof noisypost-transformpoints,includingoutliers¯qä = setof partially matched,noisy, post-transformpoints, including out-
liers

Fig. 3. Setsof datapointsgeneratedby thesimulation.

rotationvectors
�

anda randomrotation >? , thesimulationgen-
eratesthe set of noiselesscounterparts

#
, adding in s8 (also

a randomvectorof maximummagnitude� K 
 K ) to eachpoint.
Next, an additional noisevector generatedfrom model Î is
addedto eachelementin

#
to createthe set of noisy post-

rotationvectors
# � .

It is at thispoint thatthesimulationsignificantlydepartsfrom
previousresearchby modelingtwo typesof real-life errorphe-
nomena. First, it is possiblethat our correspondencesthem-
selvesareimperfect,i.e. they includea numberof mismatches.
Second,our input pointsmayincludeoutliers— which we cat-
egorizeasextremelynoisypoints. Sourcesof mismatchesand
outliers includebadstereocorrespondences,numericinstabili-
ties,andequipmentor humanerror.

D. SimulatingOutliers

To simulatethe presenceof outliers, we start by copying the
noisysetsof

� � and
# � into new outliersets

�µå
and

# å
. Then,

for eachpoint p � in
� å

and
# å

, we choosea randomfloating-
pointnumber

&
from auniformdistributionspanning

K 
 K to �q
 K .
If
&

is lessthantheinputparameterÍ Ë , thenwegenerateapoint
of randomdirection and randommagnitude(of at maximumD s)
 K ) andreplacep � with theoutlier. Thesimulationmakesno
guaranteethatthemagnitudeof anoutlier liesoutsideaspecific
range.

E. SimulatingMismatches

Thepartiallymatchedset,
#3æ

, is generatedin asimilarmanner.
Dueto thesymmetryof mismatches,thereis noneedto generate
apre-rotationmismatchset

� æ
. Themismatchset,

#3æ
, startsas

a duplicateof
# å

. For eachpoint s� in
# � , we choosea random

floating-pointnumber
& �

, from a uniform distribution spanningK 
 K to �	
 K . If
& �

is lessthan the input parameterr Ë , thenwe
choosean elementof

# � (uniformly random),and replaces�
with its value. No specialconsiderationis takenif s� is already
anoutlier; i.e. anoutlier couldbereplacedby amismatch.

In summary, after this stage,thepoint setsdescribedin Fig-
ure3 havebeengenerated.Thesepointsetsmaybeuseddirectly
asinputsto anAO algorithm.Theinputsusedfor algorithmsL4
andR4 are

� å
and

# æ
. Note that in thecaseof least-squares,

sets
�%å

and
# å

areusedfor thecalculationof the translational
component,but

� å
and

# æ
areusedfor the calculationof the

rotationalcomponent.BecauseLS usesraw centroidsfor calcu-
lating t, pointcorrespondenceinformationis notrequiredduring
this stage.
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VI. METRICS

A standardpart of evaluatingany algorithm is determining
themetricsto beusedwhenquantifyingits performance.In this
section,we will selectour metrics,discusshow they shouldbe
usedin oursimulation,andthesignificanceof theirapplication.

A. AbsoluteQuaternionDistance:AQD

To thebestof theauthors’knowledge,a metric thathasnot yet
beenusedto evaluateabsoluteorientationis a measurewe will
refer to asthe absolutequaternion distance, or AQD. Essen-
tially, the AQD is a measureof proximity betweenthe quater-
nionusedto generatethepostrotationpointsandthequaternion
estimatedfrom an algorithm.4 The AQD givesno information
aboutthevalidity of analgorithm’s translationestimate.Given
the ground-truthrotation >? andanAO algorithm’s estimate >? � ,
theAQD is trivial to compute:AQD

* >? �)>? � / � `�>? 2�>? � ` .
SincetheAQD doesnot directly usepoint informationin its

calculation,the AQD metric is not directly affectedby outliers
andmismatches.With a distance-basedmetric,a singleoutlier
canhave a significantaffect on the metric. Consequently, ob-
servingthedistancemetricalonemaygivetheimpressionthata
particularestimateis lessaccuratethanit actuallyis. Thecou-
pling betweenmetricandsystemrobustnessis complex — out-
liers andmismatchesalwaysaffect the AO algorithm itself. A
robust metric, however, cangive specificinsight into an algo-
rithm’sperformance.

B. AbsoluteTranslationDistance:ATD

Parallel in both constructionandconceptto the AQD, the ab-
solute translation distance, or ATD is a measureof proximity
betweenthetranslationusedin thepoint setgenerationandthe
translationestimatedfrom the algorithm. Naturally, the ATD
givesno informationaboutthe validity of an algorithm’s rota-
tion estimate.Given the grouth-truthtranslationt andthe AO
algorithm’s estimatet

�
, ATD

*
t � t � / � ` t 2 t

� ` canbe usedto
computetheATD.

C. AverageDistanceMetrics: ADMs

Traditionally, absoluteorientationalgorithmshave soughtthe
transformthat minimizesthe averagepointwiseEuclideandis-
tancebetweenthe elementsof

� �
and

#
, where

� �
represents

the pointsin
�

after undergoingan AO algorithm’s transform.
At first glance,this informal definition may appearto provide
enoughspecificity for building our metric. However, with ac-
cessto full groundtruth, andthe fact that this simulationmod-
elsmultiple errorphenomena,we mustconsidertwo important
questions:one,whatspecificdatasets(andcombinationsthere-
of) shouldbeusedto measurethesedistances;andtwo, how do
thesechoicesaffect thequalitiesthatthemetricsevaluate?

Therefore,first considera fully parameterizedform of the
ADM — onethatis a functionof: a pre-transformdataset

�
, a

post-transformdataset
#

, a translationestimatet, andarotation
estimate>? . Then,

ADM
*A� � # � t � >? / � �� �� ����� ` s� 2 t 2 >? >r � >? M `I
 (17)

À Obviously, theAQD is only appropriatein thepresenceof groundtruth.

This moregeneralform of the ADM, providesa uniform way
to describedifferentvariationsof the“traditional” distancemet-
ric. SelectingtheproperADM parametersis dependenton the
algorithmbeingevaluated.

D. ExperimentalADM: ADM–E

In typical experimentation, ground truth is not available.
Therefore, the experimental ADM (or ADM–E), which is
modeled after such situations, is defined as ADM–E

�
ADM

*:� å � # æ � t �m>? / . In this case,choosingtheproperdatasets
for this metric is trivial — in experimentswithout groundtruth
thereis nochoicebut to usethenoisy, partiallymatched,outlier-
ladendatasets(

�%å
and

#3æ
).

Noticethatevenin thepresenceof asingleoutlier, theADM–
E maybecomesignificantlylarger, andgive an impressionthat
anestimateis lessaccuratethanit actuallyis. Mismatchescan
havesimilareffects.Thisphenomenonis clearlyillustratedlater
in SectionVII.

E. CleanedADM: ADM–C

Thegoalof thecleanedADM , or ADM–C, is to show how an
algorithmperformedwith respectto thevalid inputdata,in spite
of the presenceof outliers and mismatches.The ADM–C is
generatedin thesamemethodastheADM–E, exceptthatpoints
known to beeithermismatchesor outliersareexplicitly ignored;
i.e. they are includedneitherwhendeterminingdistancesnor
duringtranslationalnormalization.

Let ç representtheexpressionç �è*
r �Ié � r

å é[/6ê * s�Ié � s
å éy/3ê * s�Ié � s

æ éF/5
 (18)

Then,let
��ë

( ì for cleaned) represent
�µë�� �

r $ � �îí çï�
and

# ë � �
s $ # � í çï� . Essentially,

� ë
and

# ë
are the

setscontainingonly the non-outlier(but noisy) point pairsthat
“survived” thesimulation’spointgenerationprocess.Therefore,
ADM–C, definedasADM–C

�
ADM

*A�µë � # ë � t �m>? / is areflec-
tion of anestimate’s performancewith respectto valid data,al-
thoughthe estimatesthemselveswere obtainedwith datathat
includedoutliersandmismatches.

In summary, we havepresentedfour differentmetricsto pro-
vide a comprehensiveframework by which absoluteorientation
algorithmsmay be analyzed. Two of the metrics, ATD and
AQD,evaluateanabsoluteorientationalgorithm’sestimatewith
respectto the original, noise-free,syntheticdata. ADM–E e-
valuatestheestimatewithout groundtruth, andADM–C shows
how thealgorithmperformswith respectto thevalid, but noisy,
inputdata.

F. On theMerits of Metrics

As mentionedpreviously, themajority of previousabsoluteori-
entationresearchattemptsto find the transformthatminimizes
ADM–E. If our input datais free of outliersandmismatches,
then, for non-degeneratecases,any methodbasedon this cri-
terion will achieve the same(minimal) ADM–E andADM–C
values.Therefore,in this “ideal” situation,it is theoreticallyim-
possibleto outperforma least-squaresapproachon theseADM
metrics.

The presenceof mismatchesand outliers significantly
changesthe very natureof the absoluteorientationproblem.
For instance,Horn’s least-squaresalgorithmis foundedon the
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Fig. 4. Illustrationof MSU rangeimageof PVC pipesectionandblockusedin
simulationsoftware.Darker pixelsrepresentcloserregions.

assumptionthat all of the input points are correctly matched,
complete,andfreeof outliers.Thesevery assumptions,howev-
er, allow least-squaresapproachesto achieve high-accuracy es-
timates,evenin thefaceof Gaussiannoisewith largevariance.
Whentheoriginalassumptionsmadeby least-squaresapproach-
esareviolated,onecannotexpectthesealgorithmstoconsistent-
ly produceoptimal results. Therefore,the fact that neitherL4
andR4 assumemismatchandoutlier free-datais bothastrength
anda weaknessof the algorithms. Neitheralgorithmrequires
perfectlymatchedinput datawith purelyGaussiannoiseto per-
form well. However, it simply cannotmatchthe performance
of a full least-squaresapproacheswhentheinput datais outlier
andmismatchfree— theseassumptionsarenotaninherentpart
of thealgorithm’s model. In statisticalterms,L4 andR4 trade
statisticalefficiency for robustness.

VI I . EVALUATION

In thissection,weexaminesomeof thetrendsof thealgorithm-
s’ behavior in the simulations.This particularanalysisis con-
cernedprimarily with how the algorithmsreactto changesin
noisemodels,thenumberof inputpoints,mismatchprobability,
andoutlierprobability.

Thetermconfigurationwill beusedto referto oneparticular
setof simulationparametervalues. A simulationrun referstoD s K independentrunsof the simulationwith a fixedconfigura-
tion, but changingrandomseed.Thefull outputof a simulation
run consistsof

c s values— the mean,median,and standard
devation(acrosseachiteration)for eachmetric-algorithmpair.

The datacollectionfor this trendanalysisproceededasfol-
lows. First, for eachsimulationparameterof interest,a setof
valueswasselected.In this casethey were:Î $ � á B�K 
 K �	�{á B�K 
 K s)�Fá BIK 
�� K �{â B�K 
 K �q�yâ B�K 
 KqD sH�{â B�K 
 K s)� # �@ $ � sphere� octant� block� pipe�r $ � K 
 K �q� K 
 K sÊ� K 
�� K � K 
 DIK �Í $ � K 
 K �q� K 
 K sÊ� K 
�� K � K 
 DIK �� $ � DIK �{s K ��� K	K � D s K �
All othersimulationparameterswerefixedasdescribedin Sec-
tion V. For eachof the �q� oIpqD combinationsof parameters,sim-
ulationrunswereexecuted,andtheir outputrecorded.To sum-
marizethesethousandsof experiments,summarygraphswere
produced. For eachdatapoint in the graphsof Figure 5, the
namedparameteris fixed,andthedatapoint is obtainedby aver-
agingthedatafor a paricularalgorithm-metricpair. In addition
to the meanof the meanswe alsoshow the standarddeviation
of themeans,whichshowshow theresultsvaryacrossthemany
differentsimulationparameters.

More formally, eachdatapointshows themeanandonestan-
darddeviationof theset

# *Að � ( �:�9�FÑH/ �ñò UIóÊô æiõ å õ � õ)öiõ 4V÷Aø Ë �6ù�ú �  
��û ��� (+*Að � # * r �[ÍÐ� � �{Î�� @ /F/ (19)

where � $ � r , Í , � , Î ,
# � representsthe set of parame-

ters, Ñ representsa particularparametervalue,  representsthe
numberof iterations(i.e.

D s K ), # * r �[ÍÐ� � �FÎ�� # / representsa
single dataset generatedfrom the simulationwith parameter-
s
* r �yÍÐ� � �{Î�� # / , ð $ �Nü # � ü c � ��c � representsanelementof

the setof algorithmsmappinga datasetto anAO, and
( $ �

ADM–E, ADM–C, AQD, ATD � representsan elementof the
setof metrics.

For instance,taketheupper-left graphof Figure5. Thegraph
is divided into threeregions— LS (plottedwith squares),L4
(plottedwith circles),andR4 (plottedwith triangles)— onefor
eachalgorithm.Theleftmostpoint indicatesthat for all experi-
mentswherethenoisemodelwas á B�K 
 K � theaveragemeanval-
ueof theADM–E metricwasapproximatelyO)
�� . Thestandard
devationof thosemeanswasapproximately

D 
 p . To thegraph’s
right arethecorrespondingADM–Cs.

Graphsfor theothertwo metrics— AQD andATD — arenot
shown. Exceptfor a differencein scaleandminor changesin
their standarddevations,uponvisual inspection,thegraphsfor
theothermetricsarevirtually indistinguishablefrom theADM–
C graphs. Most of the graphsindicate,that in the majority of
cases,R4 slightly outperformsL4. Yourmileagemayvary.

In all cases,there is a significant differencebetweenthe
ADM–E and ADM–C graphs, indicating that just observing
trendsin ADM–E doesnot give a completedescriptionof an
AO algorithm’s behavior. The new metricsall requireground
truth,but, unlikemostpreviousresearch,themeasureof theAO
algorithmquality it not soley basedon a limited metricsuchas
theADM–E.

Specifically, the Points/ADM–E, Mismatches/ADM–E, and
Outliers/ADM–Egraphs,do not clearly indicate that any one
algorithmis significantlymorerobustthanany other. This is es-
peciallytruein theOutliers/ADM–Egraph,which indicatesthat
L4 performsnobetterthanLSor R4. However, whenmeasured
againstgroundtruth,L4 andR4clearlyshow their increasedro-
bustness.

Likewise,thePoints/ADM–Egraphalsodoesnotstronglyin-
dicatethat increasingthe numberof pointshasany significan-
t effect on any algorithm’s performance.The Points/ADM–C
graph,however, doesreinforcetheintuitive notionthat increas-
ing the numberof pointsgivesmoreaccurateresults.Because
of the weakness(i.e. lack of robustness)of the ADM–E mea-
sure,this trendtendsto bemaskedby theamplificationof noise
in themetricitself.

The standard deviations of the LS algorithm in the
Outliers/ADM–Egrapharesignificantlysmallerthanin any oth-
er graph.This indicatesthat thestandarddevationof LS in the
othergraphsis primarily dueto thepresenseof outliers.

Therearetwo categoriesof waysin which oneparticularal-
gorithm outperfomedanother. First, thereweremany configu-
rationsfor whichonealgorithmclearlywasabetterchoicethan
another. For example:� L4 performedparticularlywell in theconfiguration

@µ�
pipe,� �'D s K , Î � á B�K 
 K � , r �'K 
 D , Í �ýK 
�� .
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Fig. 5. Graphicalsummariesof thedatacollectedin simulation.Seethetext for a full explanation.
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@j�

octant, � � s K , Î � â BIK 
 K s , r �<K 
 D , Í �'K 
�� .� R4 performedparticularlywell in theconfiguration
@µ�

pipe,� � s K , Î � #
, r �ýK 
�� , Í �ýK 
�� .� In ananalysisof thedatagivenatranslationalcomponentof 0,

L4 andR4 wereusuallyquitecomparable,but L4 did perform
slightly betterthanR4.
Second,within eachsimulationrun, therewerenaturalfluxua-
tionsin which algorithmhadthe“best” estimationaccordingto
a certainmetric.

VI I I . CONCLUSION

In this paper, a new, closed-formsolutionto theabsoluteori-
entationproblemwas introduced. This new closed-formwas
thenextendedinto anew AO algorithm,R4 with specificprovi-
sionsfor handlingoutliersandmismatches.Similar extentions
were madeto Horn’s least-squaresapproach,so that the new
provisionsalsocouldbealsousedto enhancepreviousresearch.
A largesetof simulationswereperformedandevaluatedsothat
thenew algorithmscouldbeanalyzed.

In summary, the evaluationpresentedheresuggeststhe fol-
lowing:� ADM–E is a weak metric. Comparingtwo AO algorithms
basedon traditionalmeasuresmaynot give insight into the al-
gorithm’srobustness.This is primarily dueto lackof robustness
in theADM–E itself.� Outliers may be more influential than mismatches.In the
simulationshere,outliersheld the most influencein determin-
ing the effectivenessof an algorithm. As indicatedby Figure
5, simulationsetswith fixedoutlierprobabilitiesshowedresults
with significantly lessvariancethanthosein which the outlier
probabilityvaried.� Proper reconciliation is important. The LS andL4 algo-
rithms are basedon statisticaloptimality. However, with the
proper weighting, R4 can achieve not only comparable,but
in many cases,moreaccurateresults,even thoughno a priori
noisemodelhasbeenassumed.In analysisnot shown here,we
have consideredmany weightingfunctions(including uniform
weighting)andit hasa significantimpacton the quality of the
result.� Robustnessrequires a bottom-up, not a top down ap-
proach. As demonstratedby FishlerandBolles[19], removing
the “worst” residualdoesnot always correspondto removing
outliers. Like RANSAC, thealgorithmspresentedin this paper
useanapproachbasedonsubsamplingandreconsillation.

Theanalysisshowedthatwith asignificantlyreducednumber
of computations,the algorithmR4 couldachieve betterresults
thanL4 despiteasignificantreductionin thenumberof compu-
tationsperformed.
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