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Abstract

Ideally, an algorithm usedfor either self localization or
poseestimationwould be both efficientand robust. Manyre-
seachershavebasedheir techniquesontheabsoluteorienta-
tion reseach of B. K. P. Horn. Aswill be shownin this paper
while Horn’s methodperformswell with an additive Gaus-
sian noiseof large variance mismattiesand outliers havea
mote profoundeffect. In this paper theauthors developa new
closed-fornsolutionto the absoluteorientationproblem fea-
turing techniquesspecificallydesignedor increasingthe ro-
bustnessiuring the critical rotation determinationstage. We
also includea compaative analysisof the various strengths
andweaknessesf bothHorn’s andthe new techniques.
Keywords: absoluteorientation,self-localization,poseesti-
mation

1 Intr oduction and Background

At the core of mary poseestimationsand self-localizations,
liesavariationof theabsoluteorientation(AO) problem.His-
torically, and throughoutdifferent fields, the problemtakes
on both different constraintsand names. But, regardlessof
whetherthe problemto be solvedis “3D location parameter
estimation”[16], aform of “hand-eye calibration”,or (theau-
thors’ favorite nomenclature}he “roto-translation”problem
[15], the essenceemainsthe same.Giventwo setsof corre-
sponding3D points,whatis thetransformthatrelatesthem?

To the bestof the authors’knowledge,the first published
least-squareninimizationsolutionto the absoluteorientation
problemcanbe accreditedo FernanddSan® [15]. Hornre-
discoveredthe samemethodover 14 yearslater, in 1987(7].
Although San®’s paperoutdatesHorn’s, the latteris the sig-
nificantly more popularreference.Both authorsfirst reduce
theproblemto anEigen-decompositionf thesamet x 4 ma-
trix, andthensuggesthe useof Jacobis method.Unlike San-
s0, Horn mentionsthat the Eigenvectorsand Eigervaluesof
the matrix may be foundvia therootsof a quartic. Sincethe
rootsof a quarticmay be found in closedform via Ferraris
identities,Horn’s completeshis closed-form.Horn suggests,
however, thatdueto theinherentinstability of theclosed-form
solution for quartics,in implementationthe decomposition
shouldbeperformedvia Jacobi.(Seg[12] for morehistoryon
the AO problem.)

As definedin this paper we considerthe absoluteorien-
tation problemto be determining,from a collectionof corre-
spondingpoint pairs,the translationalrotational,and scalar
ing correspondencbetweentwo different Cartesiancoordi-
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natesystems. In this paper we will presenta new closed-
form quaterniorbasedAQO algorithmparticularlywell-suited
for dealingwith mismatchesand outliers. Throughsimula-
tion, we comparehe new methodswith previousresearch.

2 Representations
Choosingarepresentatiofor thescalarandtranslationatom-
ponentss simple— we usea scalaranda 3D vectorrespec-
tively. Rotations,however, have mary differentrepresenta-
tions(Hornremindsusbothin [7] and[8] thatKornandKorn
[11] mentionfive differentmethodsalone).Aside from Euler
anglestherotationmatrixesandquaternionaretherepresen-
tationsmost often usedin the computervision and graphics
community(see[3] and[6] for background)but which of the
mary representationis bestsuitedfor the AO problem?
Liketheresearclof Horn,we areprimarily concernedvith
the quaterniorrepresentatioinf rotations. This bypasseshe
following disadwantage®f usingrotationmatrixes:

— Thereis no obvious relationshipbetweenthe individual
elementof arotationmatrixandtheaxis& angleof rota-
tion. Thislack of an“intuitive” understandingnakesboth
comparisorandvisualizationdifficult. Thereforeyotation
matrixesarealsopoorcandidateor reconciliatiorvia av-
eragingmultiple resultsfrom subsamplingioisy data.

Traditional rotation matrixes and Euler anglesmale in-
terpolationdifficult. Computervision, graphicsyobotics,
and manufcturingapplicationsoften have betterresults
whenusingquaterniong10, 14].

Thenormalizationrequiredto producea numericallycor-
rectrotationmatrixis computationallyexpensve. Orthog-
onalizationproceduressuchasGram-Schmidtintroduce
unnecessargpportunitiesor errorsto propagatendcan
requiresignificantamountsof computation.

Unit quaternionsrewell-suitedfor representingotations
for mary situations:

+ Becausef thedirectrelationshipbetweertheangle& ax-
is of arotationandthequaterniorthatrepresents, groups
of quaternions@reeasyto compareandreconcile.

+ Normalizationof a quaternions relatively fast,requiring
significantly lesswork than an orthogonalizatiorproce-
dure.

Quaternionslo have featureghatcanbedisadwantages:

+ For every rotation, thereexists two canonicalquaternion
representationd;e. arotationthroughg is equivalentto



onethrough—§. Although this may appearto be a dis-
advantagewe will laterexploit this dualnatureof quater
nions.

— Despitetheir correlationto the axis and angleof a rota-
tion, the combinationof a quaternions four-dimensional
naturewith its unit constraintcan be difficult to visual-
ize. Quaternionvisualizationhasa long history: from
1866“desk andtable” analogy[4] to Hart’s [5] morere-
cent(1994)useof computergraphicsto explorethemore
common‘belt” analogy

— Quaterniongyive no preferenceo rotationsthat maintain
an “upright” position. Therefore,in the domainof com-
putergraphics,quaternionsare not preferredfor interpo-
lating betweervirtual cameraorientationg3].

3 Absolute Orientation Formulae

Considera set of n three dimensionalcolumn vectors(per
hapsrepresentingointson a rigid body or geolocatedand-
marks)R = {ry,ra,...,r,} wherer! = [r;,,r;, ,r;.] and
1 < i < n. Let S representhecorrespondingetof n points
after undegoing a translationby ¢, a uniform scalingby c,
andarotationby 6 degreesaboutthe unit axis . If M (6,0)
representshe matrix form of the rotationalcomponentasa
functionof § andQ, thenforall 1 < i < n,

Si =cM(6,0)r; +1. (1)

Formally, theabsoluteorientationproblemis: Given R and
S, recovere, t, 6, andd. Like previousresearchye treatthe
absoluteorientationin threeseparatestages:by solving ¢, t,
and(d, 0) independentlyThefocusof this researchs onthe
most difficult component,determiningthe rotation. There-
fore,wewill only briefly summarizéhe commonmethodgor
finding the scalarandtranslationatomponents.

3.1 Solvingthe Translational Component

To determinethe translationalcomponentt, we look to the
centroids. Given the respectie centroidsof eachpoint set,
t is simply the differencebetweenthe two vectors. Simply
calculatethe centroids

N N
re = %Zi:l ri and s. = %Zz’:l Si )
then the translationalcomponent can be approximatecby
simply

t=s —re. 3)

3.2 Solvingthe Scalar Component

In the multi-stageapproach pbtainingan estimatefor the s-

calarcomponentis alsorelatively trivial. Supposéhatgiven

apointset,we sumall of the distancedgrom eachpointto the

centroidof the set. If our point setremainsrigid, we expect
thistotal to beinvariantunderthe effectsof translatiorandro-

tation. Therefore we look to theratio of the averagedistance
to the centroidfor anestimateof ¢:
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Horn [7] providesa moreformal treatmentof preciselywhy
Equationg3) and(4) aredesirablesstimatesn theabsencef
mismatchesndoutliers.

3.3 Solvingthe Rotational Component

Solving for the rotationis the crux of the new research.For
thesale of simplicity, in this sectionwe assumeéhatourinput
datahasalreadybeennormalizedaccordingto the scalarand
translationatomponents.

Considerasetof n three-dimensionalolumnvectors(per
hapsrepresentingointson arigid body) R = { ry, ro, ...,
rv } wherer] = [rg,,r,,75.] @and1l < k < N. Let S
representhe correspondingetof n pointsafterundegoinga
rotationof # degreesaroundthe unit axis 0 (pointr, rotates
to Sk).

For corvenienceyectorswill be freely interchangedvith
their quaterniorcounterpartgi.e. 7 = (0,r)).

3.4 Outliers and Mismatches

A particularadvantageof usingthe aforementionecdnethods
is thatneitherrequirepoint matches.Iln otherwords,evenif
all of the correspondenceareincorrect,thenthe translation-
al andscalarcomponentill not be effected. Determining
the rotation, however, requirescorrespondencesyenif they
are implicit ones. The issuesassociatedvith this indepen-
dencefrom correspondencesill resurficewhenwe consider
themetricsto beusedfor evaluatingAO algorithms.

In the presencef outliers,however, Equationy3) and(4)
canrapidly deteriorate. It is the profoundeffect of outlier-
s that motivated Fischler and Bolles to develop their land-
markRANSAC (RandomSampleConsensusramenork [2].
RANSAC instantiatesot just one, but mary solution mod-
els throughthe useof repeatedsubsampling. By seekinga
majority of points consistentwith their models, Fishlerand
Bolleswereableto useRANSAC to increasethe robustness
of aclassicphotogrammetri¢ocalizationproblem.Later, our
simulationswill shov how outliersmay causea similarly cor-
rupting effect.

3.5 The NewClosed-Form
For the sale of derving the new form, we assumethat our
input data (R and S) is noiseless,complete,and correctly
matched;in later sectionswe examinethe effects of noise.
If q istheunit quaternion

q = (sin(0/2), cos(6/2)0) (5)
it canbe showvn that the post-rotationvector, s;, is uniquely
determinedy the quaterniormultiplication

(0,s) = 4(0,r:)q" (6)

where(0, r;) is aquaternionwith a scalarcomponenbf zero
andvectorcomponent;, and§" is the conjugateof quater
nion q.

Fully expanding(s;, , si,, ands;,) algebraicallyyields E-
quationg7)—(8)of Figurel. Fromtheseequationsve cansee
thatthe component®f the sought-aftequaternioncannot be
expresseds a directlinear combinationof the input points.



However, if we considerthe productof two of the quaternion
componentsye canestablishalinearrelationship.

Supposeave choosgustthreepairsof correspondingoints
from R and S: (r1,s1), (r2,S2), and(rs,ss). We canthen
build the systemof Equation(10) of Figurel.

Thesetenequationdully constraintherotationbetweenR
andS. It is no surprisethatat leastthreepointswereneeded.
Theinclusionof theunit quaternioridentity ||¢|| = 1 maynot
beasobvious,however. In fact,it wastheinclusionof theunit
guaterniorconstrainthatallows Maple , with somecreative
coaxing,to find closed-formsolutionsfor all ten component
combinations.

Althoughit is notthemainfocusof this paperit shouldbe
notedthatthis systencaneasilybeextendedo includethede-
terminationof a translationacomponentThethreeaddition-
al degreesof freedomcanbe constrainedvith a fourth point
pair. Despiteits larger size, closed-formsolutionsfor all 13
unknavns (10 quaternionproductsand 3 degreesof transla-
tion) canbefoundfrom the new system.Detailsareprovided
in[12].

After significantalgebraiananipulationof Maple[’s out-
put, we find thatall productsof two componentsf a (quater
nion) rotation can be expressedas a linear combinationof
triple productratios. In Equationg(12)—(16),the componen-
t productsare expressedas functions of the original input
points.

The six componenproductsgs gz, gsqy, 4sqz» 4=qy» dydz:
q.q. areall of the form of Equation(16) where£ and( are
elementof {s, z,y, 2} and{ # (. Forinstancejf £ = s and
¢ = z, thenthe componentonsidereds g¢,q,, substituting
the matrix P, whereappropriateNotethatgeq; = gcge.

3.5.1 Computational Expense

A directimplementatiorof theabove equationsanhardlybe
considerednefficientone. Specifically anactualimplemen-
tation should not include any matrix multiplications— the
matrixesof Equation(11) all reduceto elementswapsand/or
negationsandhave beenincludedfor notationalcompactness
only. Commonsube&pressioreliminationalsoyields signifi-
cantspeedup.

As computingpower continuesits exponentialgrowth a-
long Moore’s price-performanceurve, the numberof com-
putationsrequiredby an algorithmis lessimportantthanin
previousyears.Evenatypical desktopPC canrun proverbial
circlesaroundthe mostpowerful workstationsof yesteryear
Horn’s absoluteorientationalgorithmis a perfectexampleof
how inexpensve cyclescanimprove algorithms.As disclosed
in Sectionl, eventhoughthe closed-formalgorithm as de-
scribedin [7] canbeimplementedn pureform, it usuallyis
not. Thehigh availability of mathematicalibrariesthatrapid-
ly performiterative procedureshave madeit possibleto sub-
stitutepotentiallyunstablealgorithmswith morerobustones.

Still, thereis no substitutefor high-eficiengy algorithms;
embeddedystemstobotics RANSAC-basedalgorithmsand
real-timesystemsall dependon rapidturn-around.Unlessan
algorithmis particularlycompactRANSAC algorithmsespe-
cially cannot afford to repeatan iterative numericalmethod
hundredor thousand®f times.

Regardlessbriefly considera naive implementatiorof E-
quation(10). If we assumehata dot productrequiresthree
multiplicationsandoneaddition,a crossproductrequiressix
multiplications and three additions; then an implementation
with no partialevaluationcanfind anestimateof the g2 com-
ponentwith just 45 multiplications,25 additions,and 1 divi-
sion— just 71 FLOPS A highly optimizedversionthatsolves
for all of the quadraticcomponentganbe performedin 123
FLOPSand37 assignmentgSee[12] for implementatiorde-
tails.) An optimizedmethodthatcalculatesll tencomponents
(which may not always be necessarygan be accomplished
with 266 FLOPS.

3.6 IncreasingStability and DegenerateCases
Clearly, asthe volume of the parallelepipedspannedoy rq,
r., andrs approachegero(all threepointsandthe origin are
coplanar) the solutiondegeneratesHowever, thereis a sim-
plewaytoincreasehestability of thenew form. If (ry,r,,r3)
is greaterthan(s;, s,, s3), thenusethe formulationsas writ-
ten. However if {s;,s;,S;) is greater thenthe argumentsto
eachcomponentfunction shouldbe (s;, s, S3,r1,r2,r3) in-
steadof (ry,ro,r3,S1,S2,S3). The conjugateof this resultis
thesought-afteestimate.

While threepointpairsaresufiicientfor thenon-translation
case,four pairsof non-coplanapointsare requiredfor both
translatiorandrotation.

3.6.1 Resolvingthe Overdetermined System

Since not all ten componentsare required to calculatethe
sought-afterquaternion,we are left with mary possiblere-
constructiontechniques.We cannow usethe dual natureof
quaternionasanadwantagearny onecomponentanbe arbi-
trarily fixedaspositive, andthe signof othercomponentgan
be adjustedaccordingly The resultingrotationis not effect-
ed. Sinceit hasadirectcorrelationto the angleof rotation, it
makesthe mostintuitive senseo fix the scalarcomponent,
positive.

During earlyexperimentationit wasdiscoveredthatout of
all the 10 productsg?, g2, ¢2, andg? aretheleastsusceptible
to noise. Usingthe stableproductsasan anchor andtheless
stableproductsfor determiningthe propersign, the rotation
canbereconstructedvith thealgorithmshown in Figure2.

In somecasesthe sizeof theinput setis minimal. In [9],
only ahandfulof points(threeto five) areusedfor localizinga
mobile platformusinggeolocatedandmarks.Usinga greater
numberof points, however, hasthe potentialfor increasing
mary algorithms’accurag.

Fortunatelytherearemary waysto generalizéheabsolute
orientationproblemto n points. For instance one may seek
therotationthat:

e minimizesthe sumof the squareddistancedetweenthe
preandpost-rotategoints

e maximizesthe alignmentof the data,treatedas vectors,
beforeandaftertherotation

e minimizesthe sumof squarecerrorsin ary linearformu-
lation thatproducesa solution
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Figure 1. Equations 7-9 Fully expandedexpressiondor the elementsf r,, aftera quaterniorrotationaboutg. Equation 10: The
post-rotatiorpointsasa linearcombinationof productsof quaterniorcomponentsEquations 11-16 Solutionsto the systemasratios
of triple products.Triple productsaredenotedwith anglebraclets.



Algorithm BasicReconstruct-3
Input: Six vectors,two groupsof three,eachrespectiely rep-
resentingpoints before (r, s,t) and after (r’,¢,t') a rotation
throughunknawn g.
Output: ¢

quaternion:q

real:rst, rst', qs, Gz, Qys Gz, Gz sy sz

/I Calculatethetriple products

rst < (r,st)

rst’ < (r';d,t')

/I For stability, usethelargertriple product

if (rst > rst’) {

gs < g2 (r,st,1r',8, )]
2 <lgz(r,str', s, t)]
qy < |q§(r,s,t,r',s’,t')|
2 < g2 (r,st, 1,8, 1)
Gsz < qsz(r,5,t, 1,8, 1)
Qsy < qsy (1,5, t,17, 8, 1)
Qsz <=(ISz(rys:t7r t')

} else{
gs < gz (', 8, t,r,s1)
g < lgz(r',8,t,r,51)]
qy < |q§(r',3’,t’,r,s,t)|
2. < |2 (r', s, t,r,s1)]
Qsz <:(Ism(r',slyt’,rasvt)
Qsy <=qsy(r’,s’,t’,r,s,t)
Gs2 < qs2(r',8,1',1,5,1)

/}/ Performsigncorrectionif necessary

if (q.sx < 0) Qe <= —Qz

if (gsy <0) gy < —qy

if (QSz < 0) qr <~ —(Iz*

if (rst’ > rst) g < ¢

§ < a/ld

returng

}

N = e N

)
!
3
!

19

PR N o =

Figure 2. Basic Reconstruct-3 Pseudo-code Giventhree
pairsof input points,find theinverserotation. The“ <" sym-
bol hasbeenusedto denoteassignment.

e minimizesthe mediandistancebetweerthe pre andpost-
rotatedpoints

Obviously, thereexist mary otherpossiblecriteriathatcan
obtain a desirableabsoluteorientation. They are likely to
changebasedn the domainof theapplication.Least-squares
approachesre often considered,but they presumeonly a
Gaussiamoisemodel,andthereforg(implicitly) thatthereare
no outliers. (For a powerful demonstratiorof the effect of a
single outlier see[2]). In addition, they are often computa-
tionally intensive. It would be possibleto solve Equation(10)
in a least-squaresensevia SVD, but we would not be freed
from the side-efectsof outliers. A RANSAC-like approach
hasthe ability to combatmary of theseside-efects.

4 Absolute Orientation Algorithms

Now that the basicformulae have beenintroduced,we use
themasabasefor developingnew algorithms.Sincein Horn's
solutionthereis adirectmapfrom his formulationto analgo-
rithm, we refer the readerto Horn’s original paperfor both
referenceandimplementatiori7].

The algorithmsdevelopedby the authorsin this section
have beendevelopedin an informal and experimentalfash-
ion; i.e. they arenot foundedin a new fundamentatheory
In this thesis,thereare no proofs aboutthe effectivenessof
the new algorithm. However, we will show resultsfrom our
simulationsin which the new algorithm clearly outperforms
previousresearch.

4.1 Quantifying the Effects of Noise

Early in the stagef this researchit becameclearif the ef-
fectsof noiseandoutlierscouldbequantizedthenit would be
easierto identify desireableestimates Becausea hoisemea-
suremayneedto be calculatedor severalthousandestimates,
efficiencoy becomes vital constraintof this process.

Let &' (45, 93, 4y, 4-) representhe calculatedvalue of
¢ from analgorithmsuchasReconstruct-NLet ¢/, represent
q.q%, 4., represent’q’., andsoon. If bothour pre-rotationor
post-rotatiorpoint setsare noiselessthenwith the exception
of floating point roundingerrors, if our points are matched
correctly we can expect the following equalitiesto remain
true:

Gedype = (€)” @l2dle = (d4y)° (17)
Gl = (¢.)? €2l = (¢hy)’ (18)
42qe = (d).)° di2ql> = (d5.)° (19)

In the presencef noise,one could not expecttheseiden-
titiesto remainvalid. However, it canbe usefulto look atthe
sumof the differencedetweertheidealsof theidentitiesand
thosevalueswhich are calculated. Let p (for performancg
representhis difference

P = |hedhe — (45)° + |k q)e — (g5,)% +
05202 — (5:)% + |ah2qy2 — (25,)| +
lay2a%z — (4y.)°| + 32 0z — (43.)°-

As will be showvn by the resultsof our simulation, in
the generalcase thereexists aninherentcorrelationbetween
quaternionswith a low p valueandthe original rotation. In
our previous algorithms,the goal was merely to generatea
collectionof similar quaternionsA simpleway to exploit our
newly found quantizatiorability would beto usep to build a
weightedsumfor eachcomponent.

4.2 Micheals-Boult

The first stepin developing suchan algorithmis to rewrite
Basic Reconstruct-3o include the calculationof the perfor
mancemetric. Figure3 shows a pseudo-cod@anplementation
of this new variation. It mayappeathatcalculatingp couldbe
a significantadditionto our computationabverhead put the
readershouldberemindedhatanoptimizedtechniquecanbe
used.Regardlesspurpayof is anability to rateeachestimate.



Algorithm Scored Reconstruct-3

Input: Six vectors— two groupsof threerespectiely repre-
sentingpoints before, (r, s, t), and after, (r’,<,t’), a rotation
throughunknawn g.

Output: §, p (or performanc

quaternion:q

real:rst, rst’, qsy Qe Qyy Q21 GsT, 4sY, Gs 2, P
/I Calculatethetriple products

rst < (r,st)

rst' < (r',d,t")

/I Usethelargertriple productfor stability

if (rst > rst’) {

s < |2, s t,r, 8,1
@ <l str,d,t)3
g < lg2(r, sty 9, U))
¢ < |2(r,str, 8 t))3
Gsz < qsz(r,5,t, 1,8, 1)
Qsy < qsy (1,5, t,17, 8, 1)
gsz <= gz (1,51, 17,9, t)
} else{
g < |2(r', 8.t 1,5 0)|3
ge <= |2(, 9,1, 1,5 1)]2
qy < |q§(r',3’,t’,l’,s,t)|%
@ < |2, 9,1, 1,513

qsx Cqsm(r')slvt’)rasvt)
qsy <=qsy(r’,s’,t’,r,s,t)
s: < 5= (1,8, 1, 1,5,1)

/I Calculatethe estimates performance

P < |g2az —qs2®| + |63 0y — asy’| + 195 62 — as2°| + a2 ay —
@Y’ | G — o’ + |6 — 2’|

I/l Performsigncorrectionif necessary

if (gse <0) ¢z <= —¢a

if (gsy < 0) gy < —qy

if (QSz < 0) qr <~ _q:,*

if (rst’ >rst) q<q

g <= q/llqll

return{q, p}

}

Figure 3. Weighted Reconstruct-3 Pseudo-code Given
threepairsof inputpoints,find theinverserotationandits cor
respondingperformancemetricp.

Onelast stepremains;we mustchoosea weightingfunc-
tion. Obviously, asp decreasesye requirea greaterweight.
In simulation,Micheals-BouliFigure4) weightseachquater
nion componentby 1/p%. This weighting function hasthe
desirablequalities of rapidly increasingas p becomesvery
small, almostnegligible, for large valuesfor p. Additional-
ly, early experimentatiorsuggestedhat1/p? waswell-suited
for the typically small (lessthan 1.0) magnitudesf the esti-
mates. The weighting functionsof 1/p and1/p® werealso
consideredn earlyalgorithms but they did not producemore
accurateresultsthan1/p?. For speedupa piecevise linear
approximatiorcouldbe used.

Although lower valuesof p do not always correspondo

Algorithm Micheals-Boult

Input: A setof n (wheren > 4) vectorsrepresentingpoints
beforeR, andafter, R’ undegoinganunknawn translatiort and
anunknawvn rotationthroughg.

Output: ¢ andt

vector:c,c,r,r’,s 9,t,t'

guaternion:q

real: Weighted) Sum Weighted), Sum

real: Weighted), Sum Weighted) . Sum

real: SumOfWights

real: scoe, p

[/ Calculatethe centroidsfor normalizationandthe
// determinatiorof thetranslationatomponent.
¢ <= centoid(R)

¢’ <= centoid(R')

/I For eachcontiguouggroupof threepoints
fori=1to (n—2)do

r<R;—cC
r'<R;-c
S< Ri41—C
s <R, —C
t<Riy2—¢C
' <R ,—C

/I Calculateanestimateandits performance
(g, p) < Scored Reconstruct-3r, s, t,r’, s, t')
I/l Weightthe performance
scoe <« 1/p?
/I Contrikuteto eachcomponentccordingo thescoe
Weighted); Sum<= ¢, - scoe
Weighted), Sum<= ¢, - scoe
Weighted), Sum<= g, - scoe
Weighted) , Sum<« ¢, - scoe
SumOfWights< SumOfWights+ scoe

endfor

/I Extracteachcomponent

qs < Weighted), Sum/ SumOfWights

4= < Weighted), Sum/ SumOfWights

gy <= Weighted), Sum/ SumOfWights

q. <= Weighted) , Sum/ SumOfWights

// Normalizethefinal model

a<q/llqll

/I Calculatethetranslationacomponent

t<cd-c

return{g, t}

Figure 4. Micheals-Boult pseudo-code Using the perfor
mancemetric, build weightedsumsfor eachcomponenfrom
eachquaterniorestimate.

desirableestimatesit is a measurehatis independenof the
generaimagnitude®f boththeinputandthe noisevectorst
4.2.1 On the Merits of Micheals-Boult

The algorithmof Figure4, Micheals-Boulf hasspecificpro-
visions for handling outliers and mismatcheswhile solving

1Be careful of our somevhat sloppy useof the term “magnitude” here.
Certainly asthe magnitudeof the typical noisevectorincreasesgstimates
will degenerateBut, if theratio of the averagenoisevectormagnitudeto the
averageinput vector remainsthe same,thenwe do not expectp to change
dramatically A distancemeasurevould scaleaccordingly



therotationalcomponentDeterminingpreciselywhichis the

mostrobustmethodfor reconstructinghe scalarandtransla-
tional components a partof theauthors’continuingresearch.
Therearetwo methodscurrentlyunderconsideration:

1. Usetheclosed-fornsolutiongto theextendedmatrixmen-
tionedin Section3.5to build atranslationcapableversion
of Micheals-Boult

2. Useasimplevarationon RANSAC.

The authors’continuingresearchincludesthe determination
of which methodprovidesbetterresults.

In addition, experimentatiorby the authorsalso suggests
thatthe resultsfrom Micheals-Boultmay be significantlyim-
provedby gatheringestimatesrom morethann — 3 samples.
As seenin Figure 4, the new algorithm producesestimates
througha simple sliding window. More intelligent subsam-
pling techniquesansignificantlyimprove results.

5 Simulations

To evaluatethe efficacy of the new algorithms,we developed
asmall-scalebut full-featuredsimulationsystem.In this sec-
tion we will first discussthe simulationsoftware usedto test
andevaluatethe performancef boththe existing andthe new
absoluteorientationalgorithms. Then,we presenthe results
of thesimulations.

The simulationsoftwarewaswritten in an object-oriented
naturewith C++. All of therandomnumbergeneratorsised
in the simulationsoftware are basedon the sourcecodepro-
videdin [13]. RobertDavies’ newmat09library [1] wasused
for mary of the matrix applicationseededor theimplemen-
tationof Horn’s method.

5.1 Overall Process
Theoverall proces®f thesimulationis straightforvard. Gen-
eratetwo collectionsof vectors— oneto represenpointsbe-
fore arotationandtranslation,andthe otherto representhe
correspondingpointsafter We chooseto disregardthe scalar
componenin our simulations. The goal of the simulationis
to useHorn’s methodsandthe new algorithmto re-extractthe
transform.

In outlinedform, the simulationperformsthe following:

1. Generate setof pre-rotationpointsR.

2. Generate@a randomrotationg.

3. Usingthe pre-rotationpoints R andtherotationg, genet
ateacorrespondingetof post-rotatiorpointssS.

4. Generateutliersandmismatches.
5. Runanabsoluteorientationalgorithm.

6. Using a pre-selectedetof specificmetrics,evaluatethe
performancef thealgorithm.

Our simulationdifferentiatedrom previousresearctby in-
cluding more realistic noise phenomena.In additionto the
additive Gaussiamoise,our simulationincludesexplicit steps
to includevarioustypesof outliers.

As anaside,in the contet of our simulation,whenwe re-
ferto a“set” it is notin the mathematicasensebut morelike

anarray This allows usto useoneindex to referto boththe
preandpost-transfornpointwithout anadditionaldatastruc-
ture. Usingasingleindex alsobecomesandylater, whenwe
generatesyntheticmismatches.

Someof theimportantparameter our simulationarethe
following:

my, = mismatchprobability

wp, = outlier probability

Q = outlier magnitude

n = numberof points

p = radiusof sphere

T = maximumdistanceof ¢ to theorigin
o = magnitudeof additive Gaussiamoise

The specificrole of eachparametewill be explainedas it
comesinto context. We will now examineeachmajor step
of thesimulationin greaterdetail.

5.1.1 GeneratePre-Transform Points

First, we createthe pre-transformdataset. The simulation
generates collectionof n randonvectorsR thatcouldrepre-
sentpointson the surfaceof a bumpy sphereof radiusp, and
anorigin att. Noiseis simulatedwith asimpleadditive Gaus-
sianmodel,with an equalvariances? in the axial direction-
s. Randomvectorsfrom the modelare addedto the original
pointsto createthe noisy pre-rotationdatasetR,, .

5.1.2 GenerateRotation

First, to generatea randomrotation we choosefour random
numbergrom a uniform distribution from —1.0 to 1.0. Each
of therandomnumberss thenassignedo anindividual com-
ponentof a quaterniong. For the sale of corvenience the
scalarcomponenbf g is fixedaspositive, with anappropriate
adjustmento thevectorcomponentFinally, ¢ is normalized.

5.2 GeneratePost-Transform Points
Usingthepre-rotatiorvectorsRk andtherotationg, first gener
atetheirnoiselesgounterparts$, addingin therandontrans-
lationt’ to eachpoint aswe go. Next, anadditionalGaussian
noisevectot, alsoof variances?, is addedto eachelementin
S to createthe setof noisy post-rotatiorvectorsS’.

It is at this point that the simulationsignificantly departs
from previousresearchby modelingtwo typesof real-life er-
ror phenomenaFirst, it is possiblethat our correspondences
themselesareimportect,i.e. they includea numberof mis-
mathes SecondanAO algorithmmay accidentallyinclude
outliers— whichwe categorizeasextremelynoisypoints. For
example,a badstereocorrespondencer a humanerrorcould
bothgeneratanoutlier.

5.2.1 Simulating Outliers

To simulatethe presencef outliers,we startby copying the
noisy setsof R,, and S,, into new outlier setsR,, and S,,.

Then,for eachpointp; in R,, and S,,, we choosea random
floating-pointnumberk from a uniform distribution spanning
0.0 to 1.0. If k£ is lessthanthe input parametetv,, thenwe

generatea point of randomdirectionandrandommagnitude
(of atmaximum,2,) andreplacep; with the outlier.



5.2.2 Simulating Mismatches

The partially matchedset, S,,,, is generatedn a similar man-
ner. Dueto the symmetryof mismatchesthereis no needto
generate pre-rotationrmismatchsetR,,, .

The mismatchset, S,,, startsas a duplicateof S,,. For
eachpoints; in S,,, we choosea randomfloating-pointnum-
berk', from a uniform distribution spanningd.0 to 1.0. If &'
is lessthanthe input parametern,,, thenwe choosea point
atrandomfrom S,,, andreplaces; with its value. No special
considerations takenif s; is alreadyanoutlier. After its gen-
eration,S,, containsapartially matchedgoost-rotatiorsetwith
outliers. Thereforeapointin R,,, andits correspondingpoint
in S,,, couldbeary of thefollowing typesof pairs:

¢ acorrectlymatchechoisypre-transfornmpoint pairedwith
its correspondingnoisy post-transfornpoint

¢ apre-transfornoutlier pairedwith anoisypost-transform
point

e anoisy pre-transformpoint pairedwith a post-transform
outlier

e apre-transfornoutlier pairedwith a post-transfornoutli-
er

e a pre-transformnoisy point incorrectly matchedwith a
noisy post-transfornpoint

e andsoon...
In summaryafterthis stagewe have generated

R,, = noisysetof pre-rotatiorpoints

R,, = noisysetof pre-rotatiorpoints,includingoutliers

g = rotationusedto generatgost-rotatiorpoints

S, = hoisysetof post-rotatiorpoints

S, = hoisysetof post-rotatiorpoints,includingoutliers

Sm = noisysetof partially matchedhost-rotation
points,includingoutliers)

andarereadyto run thealgorithmsnow.

5.2.3 Running the Algorithms

The two algorithmsto be analyzedare Horn’s method,and
Micheals-Boultwhichwewill referto asHorn andMicheals-
Boult (or M-B). Becausewe have several differenttypes of
pre and post-rotationpoint sets,we mustchoosewhich sets
aremostappropriatefor the differentpartsof the algorithms.
Thereareessentiallytwo stagedo the simulation:

1. Determinethetranslationatomponentt
2. Determinetherotationalcomponentg

For thetranslationatomponentwe will calculatethecen-
troidsfrom R,, andS,, — this is the dataan algorithmtypi-
cally hasaccesgo. Whenoutliersarepresentwe canexpect
the centroids(andthusthe rotationalcomponentsjo change
dramatically Sincematchesreinherentlyacomponenof de-
terminingthe rotation,it doesnot make senseo useR,, and
S, here.Insteadwe resenetheuseof S,, for thedetermina-
tion of therotationalcomponent.

As mentionedn Section3.5.1,Horn’smethodis rarelyim-
plementedn closedform. Therefore,our simulationsdo not
implementHorn is closed-form.

5.3 Metrics

A standargartof evaluatingarny algorithmis determininghe
metricsto be usedto quantify their performance.n this sec-
tion, we will selectour metrics,discusshow they shouldbe
usedin our simulation,andthe significanceof their applica-
tion. Althoughthesemetricshave beendevelopedin thelight
of Horn andMicheals-Boulfthey aregenerakenoughto apply
to otherAO methods.

5.3.1 Absolute Quaternion Distance(AQD)

A metric (to the bestof the authors’knowledge)that hasnot
yet beenusedto evaluateabsoluteorientationalgorithmsis a
measurave will referto astheabsolutequaternion distance
or AQD. Essentiallythe AQD is a measureof proximity be-
tweenthe quaterniorusedto generatehe postrotationpoints
¢ andthe quaternionestimatedrom analgorithm? Given §
and&', the AQD is trivial to compute:

o of o ol
AQD(q,q) = llg—qll

The AQD is not significantly perturbedn the presencef
outliers,althoughpreciselyhow an AO algorithmrespondso
outliersis entirely different. Justa single outlier canhave a
significanteffect on the ADM, perhapgurning what may be
anaccurateestimateinto aninvalid one.

5.3.2 AverageDistanceMetric (ADM)

Traditionally, the goalof AO algorithmsis to find therotation
that minimizesthe averagedistancebetweerthe rotatedpre-
rotationpointsR' andthepost-rotatiorpointsof S’. We define
the averagedistance metric, or ADM, asa functionof: two
point sets(R and S), a pair of centroids(r. ands.), anda
rotation(q):

(20)

ADM (R, Sarcascaé) = Z ||(Sz - SC) - 5(07” - rc)é*”
i=1
(21)

Considera more generalform of the ADM — onethatis
afunctionof four datasets,(R, S, R., andS,;) andarotation
(), whereR andS representhe pre andpost-transforndata
setsand R, andS, representhe datasetsthe algorithmuses
to generatethe centroids.If v(X) is afunctionreturningthe
centroidof pointsetX, ThenADM (R, S, R., S., ¢) equals

ZII(SQ = 7(Sc)) = (0,5 = Y(R))E | (22)

In our simulation, outliers and mismatchesre treatedas
separatgphenomena.Therefore,this more generalform of
the ADM, which we will revisit shortly, provides us with a
methodof evaluatingdifferentvariationsof the ADM.

Sinceour simulationincludesboth outliersandmismatch-
es, the applicationof the variousmetricson the differentpre
andpost-transformatiodatasetstake on significantly differ-
entmeaning. Therefore we needto discussthe precisemet-
ricsthatwe will applyto ourresults.

2QObviously, the AQD is only appropriaten the presencef groundtruth.



Ground Truth ADM  Thefirst metricof interestis themost
traditional one — a standardapplicationof the ADM, which
we will referto asthe ground truth ADM or ADM-GT. In
thenew notation

ADM-GT(§) = ADM(R,,, Sy, Ry Sny@)  (23)

Note that the point setsusedto generatahe rotationarethe
sameonesusedto generatehe centroids.To betrueto tradi-
tion, the ADM-GT explicitly doesnot include outliers, im-
plicitly doesnot include mismatcheqotherwisethe second
parametewould be S,,, andnot S,,) andis built only from
the basicnoisy point sets. Any method(including Horn) that
finds the rotationthat minimizesthe sumof the squareddis-
tancesbetweenthe pre and post-transformatiorpoints will
sharethe same,minimum, ADM-GT. Therefore,we expec-
t thatwhentheinputis correctly matchedandlacksoutliers
is theoreticallyimpossibleto outperformHorn on the ADM-
GT metric. As we will seein Section6, on rare occasions
Micheals-Boultdoesachieve lower valuesfor ADM-GT than
Horn. Thisis mostlikely dueto numericalinstabilitieswith-
in JacobiarEigen-decompositiorvery smallquaterniorrota-
tions,andtypical floating-pointroundof errors.

Experimental ADM The next metric we will consideris
modeledafterthe metriccommonlyusedin anactualexperi-
mention.Theexperimental ADM or ADM-E is definedas

ADM'E(é) = ADM (RwasmaRwaSwaa) (24)

While this metric may seemstraightforvard, therearesignif-
icantissuegto considewhenusingit asanalgorithmbench-
mark. First,evenin thepresencef asingleoutlier, the ADM-
E may becomevery large, and give the impressionthat an
estimatds lessaccuratghanit actuallyis. Similarly, we can
expectthata mismatch,a specialkind of outlier, would have
asimilareffectonthe ADM-E.

Thepresenc®f mismatchesignificantlychangeshevery
natureof the AO problem.In Horn, afundamentahssumption
is thatall pointsarecorrectlymatchedin this simulation,and
in actualexperimentationhowever, onecannot alwaysmake
thatassumptionTherefore becausé¢he original assumptions
madeby Horn (andmethoddik e his) arenolongervalid, it is
possibleto outscoreexisting algorithmson boththe ADM-GT
andthe ADM-E.

CleanedADM In ourfinal ADM-basedmetric,we take ad-
vantageof our knowledgeof groundtruth. The cleanedAD-
M, or ADM-C, is generatedn the samemethodasthe ADM-
E, exceptthat pointsknown to be either mismatchesr out-
liers, are explicitly ignored. Let R, (c for cleaned and S,
represent

R. = {rn, €R,:
(N =Tw;) A (Sn; = S0;) A (Spi = Smi)} (25)
Se = {Sn; €Sn:

(rm = rwi) A (Snz = Swl) A (Snz = Srnz)} (26)

Essentially R, andS. arethe setsof correctlymatchednon-
outlier, noisy point pairs that survived the point generation

processThereforethe ADM-C, or

ADM'C(&) = ADM (Rc,sc,RwSC)&)a (27)
is a reflectionof the estimates’performancewith respectto
valid data,despitethe presencef outliersandmismatcheslin
otherwords,the ADM-C is calculatedrom a cleanedsubset
of the pointsusedto calculatethe ADM-GT.

6 Results
Figuresb—16shaw typical resultsfrom our simulationsin the
form of normalizedhistogramimages.

For eachiterationof thesimulation,a singlepointwasplot-
tedon agraphwith the point's 2 coordinatecorrespondingo
Horn’s valuefor a particularmetricandthe point's y coordi-
natecorrespondingo the Micheals-Boultvaluefor thatsame
metric. In thesegraphs,a point above the main diagonalin-
dicatesaniterationin which the Micheals-Boultvaluefor the
metric was lower than Horn’s value. A point that falls be-
low the diagonalcorrespondso theinverse.Then,the plotis
quantizednto pixel regionsandpixel valuesareassignedc-
cordingto thenumberof valuesin eachpixel region. Regions
with the highestpoint countare assignedhe darkestvalues
andregionswith thelowestpoint counts(usuallyzero)areas-
signedthe lightestvalues. Figures5—-16 wereall madefrom
105 iterations.

Figuresb and6 shav theresultsfrom the simulationwhen
its parametersareadjustedto mimic the datasetsconsidered
in traditional AO research. In this configuration,m, = 0
(thereareno mismatches)p ~ 5.0, w, = 0.0 (thereareno
outliers),n = 20, T = 10.0 andwe have a moderatenoise
of ¢ = 0.2 (approximately4% of the radiusof our bumpy
spheref As expected,Horn’s methodconsistentlyoutper
forms Micheals-Boulton both the ADM-GT andthe AQD.
Thehighdensityregionsof Figure5 indicatethateventhough
over 97% of the pointsarein Horn’s favor, in a large number
of iterations,Micheals-BoultandHorn producedcomparable
results.In Figure6, the vertical natureof the densestegion-
s indicatethat the AQD valuesfrom Horn remainedwithin
a much tighter and lower rangethan the AQD valuesfrom
Micheals-Boult

In Figures7 through10 we show the resultsfrom a setof
parameterg which Micheals-Boultanperformsignificantly
betterthanHorn. In ournew configurationwe haveraisedthe
probabilityof mismatchesm,,, t0 0.30, butloweredthenoise,
o 10 0.05, or approximatelyl % of the bumpy spheresradius.
The other parametersemainthe same:w, = 0.0, p = 5,
n = 20, andT = 10. As canbeseenn the ADM-GT (Figure
8), ADM-C (Figure9), andAQD (Figure10) graphsmostof
the datapointsfall significantly below the main diagonalin
alinearlik e cluster This reflectsour findingswhenperform-
ing simulationswith similar parametersthat with low noise
and moderateprobability of mismatch,the majority of the
Micheals-Boultmetric valuestendto remainwithin the same
interval, while Horn’s tend to have a much greaterspread.
In comparisorto the ADM-GT, the lower densityregions of

3Sincethereare neithermismatchesor outliers, both the ADM-E and
ADM-C graphsarethe sameasFigure5



ADM-C coverasmallerregion. Thisreflectsour intuitive un-
derstandingpf the differencebetweenthe ADM-GT andthe
ADM-E — someof the pointsusedin calculatingthe ADM-
GT areneverconsideredn eitherHorn or Micheals-Boult

The graphof the ADM-E is quite differentfrom its ADM
counterparts.In Figure7, the majority of the resultsare be-
low the main diagonal(in favor of Micheals-Boul}, but the
orientationof clusteris alonga diagonalof a slightly lower
slope.If just ADM-E is consideredthenonecanlegitimately
draw the conclusiorthatin this configuration Micheals-Boult
andHorn producecomparablesstimates However, the high-
densityregionsof ADM-GT and ADM-C, clearly show that
Micheals-Bouliposessebigherresilieng to mismatcheshan
Horn.

Figures11 through 16 shov the resultsof two differen-
t variationsof the parametersuisedfrom Figures8-10. In
bothvarationsmismatchesiave beeneliminated(m,, = 0.0),
but the outlier probability of maximummagnitude2 = 20.0,
hasbeenincreasedrom w, = 0.0 to w, = 0.10. The other
(non-translationparameterfiave remainedhe same:p = 5,
o = 0.05, andn = 20.

In the first variation, we assumethat the datasetshave a
known translationalcomponentt. In otherwords, outliers
only have effect in the determinationof the rotationalcom-
ponent. In the secondvariation, we do not assumea known
rotation (" = 10); thereforeboth the translationalandrota-
tional componentarecalculatedrom the outlier-ladendata.

Figures11-13shaw theresultsfrom the variationwheret
is known. The densitydistributionsof thesefiguresarequite
similar to Figures5-6. No doubtdueto the magnitudeof the
outliers (2 = 20.0), the datapoints spana broaderrange.
Again, we seethat the ADM-E (Figure 12) shaws that the
applicationof an ADM to uncorrectedlatamay give theim-
pressiorthatthereis a nominaldifferencebetweernHorn and
Micheals-Boult

Figuresl4—16show theresultsfrom the variationwheret
is unknown. Clearly, from the nearly50/50% split acrossall
threemetricsshavn, without a morerobusttranslationdeter
mination stage neitheralgorithm performsparticularly well.
The ADM-E (Figure 15) continuesits deceptve trend,but is
skewedin favor of neitheralgorithm. In addition,the denser
regionsof the ADM-C (Figure14)andAQD (Figurel16) have
amuchlargerspread.

7 Conclusions

In this paper we introduceda new, compact,purely quater
nion based closed-formsolutionto the absoluteorientation
problem. At the coreof this researclis the discovery of the
linearrelationshipbetweerthe productsof the componentsf
the rotationquaternionandthe input pointsthemseles. The
productscanbeexpressedsaratio of sumsanddifferenceof
triple products.

The new closed-formwasthenextended via a RANSAC-
like framework, from a 3 point algorithmto a new, perfor
mancebasedr pointalgorithm. By quantifyingthe effectsof
error perindividual estimate the new algorithmis particular
ly becomegarticularlyresilientto mismatches Simulations
were usedto analyzeparticularstrengthsand weaknessesf

thenew algorithmversuspreviousresearchMany of thetop-
ics not fully coveredhereare discussedn greaterdetail in
[12].
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moderatenoiseandare perfectlymatched.M-B outperforms low noise& moderatelyhigh mismatchprobability M-B out-
Hornin 2.81% of thetrials. performsHorn in 90.92% of thetrials.
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Figure 6. NormalizedAQD histogram.Pointsetshave mod- Figure 9. NormalizedADM-C histogram. Point setshave
eratenoiseandareperfectlymatched M-B outperformsHorn low noise& moderatelyhigh mismatchprobability M-B out-
in 5.48% of thetrials. performsHornin 90.81% of thetrials.
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Figure 7. NormalizedADM-E histogram. Point setshave
low noise& moderatelyhigh mismatchprobability M-B out-
performsHorn in 90.83% of thetrials.

Figure 10. NormalizedAQD histogram.Pointsetshave low
noise& moderatelyhigh mismatchprobability M-B outper
formsHorn in 92.32% of thetrials.
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Figure 11. NormalizedADM-C histogram.Pointsetshave a Figure 14. NormalizedADM-C histogram. Point setshave
known translationJow noise ,andmoderateutlier probability unknavn translation,low noise,and moderateoutlier proba-
(10.0%). M-B outperformsHorn in 95.68% of thetrials. bility (10.0%). M-B outperformdHornin 45.44% of thetrials.
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Figure 12. NormalizedADM-E histogram.Pointsetshave a Figure 15. NormalizedADM-E histogram. Point setshave
known translationJow noise,andmoderateutlier probability unknawn translation,low noise,and moderateoutlier proba-
(10.0%). M-B outperformsHorn in 78.59% of thetrials. bility (10.0%). M-B outperformdHornin 53.26% of thetrials.
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Figure 13. NormalizedAQD histogram. Point setshave a Figure 16. NormalizedADM-E histogram. Point setshave
known translationJow noise,andmoderateutlier probability unknawn translation,low noise,and moderateoutlier proba-

(10.0%). M-B outperformsHorn in 96.50% of thetrials. bility (10.0%). M-B outperformdHornin 50.89% of thetrials.



